
ʄɸʊɽʄɸʊʀʏɽʉʂʀʁ ɸʅɸʃʀɿ 
ʂʦʥʩʧʝʢʪ ʣʝʢʮʠʡ 

 

1. ʆʉʅʆɺʅʓɽ ʇʆʅʗʊʀʗ, ʊɽʈʄʀʅʆʃʆɻʀʗ, ʉʀʄɺʆʃʀʂɸ 

1.1. ʊʝʨʤʠʥʦʣʦʛʠʷ ʠ ʩʠʤʚʦʣʠʢʘ 

ʅʝʦʙʭʦʜʠʤʦʩʪʴ ʠ ʜʦʩʪʘʪʦʯʥʦʩʪʴ,  

ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʫʪʚʝʨʞʜʝʥʠʡ 

ɺʩʷʢʦʝ ʤʘʪʝʤʘʪʠʯʝʩʢʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʪʝʦʨʝʤʘ, ʠʤʝʝʪ ʩʣʝ-

ʜʫʶʱʠʡ ʚʠʜ: çʝʩʣʠ A, ʪʦ Bè, ʠʣʠ, ʯʪʦ ʪʦ ʞʝ ʩʘʤʦʝ, çʠʟ A ʩʣʝʜʫʝʪ Bè, 
ʠʣʠ A BÝ , ʧʨʠ ʵʪʦʤ A ï ʫʩʣʦʚʠʝ ʪʝʦʨʝʤʳ, B  ï ʟʘʢʣʶʯʝʥʠʝ ʪʝʦʨʝʤʳ. ʇʦ-

ʤʝʥʷʚ ʤʝʩʪʘʤʠ A ʠ B, ʪ.ʝ. çʠʟ B  ʩʣʝʜʫʝʪ Aè, ʠʣʠ çʝʩʣʠ B, ʪʦ Aè, B AÝ
, ʧʦʣʫʯʠʤ ʪʝʦʨʝʤʫ, ʦʙʨʘʪʥʫʶ ʧʝʨʚʦʡ. ɽʩʣʠ ʠʩʭʦʜʥʘʷ ʪʝʦʨʝʤʘ ʚʝʨʥʘ, ʦʙʨʘʪ-

ʥʘʷ ʝʡ ʤʦʞʝʪ ʙʳʪʴ ʢʘʢ ʚʝʨʥʦʡ, ʪʘʢ ʠ ʥʝʚʝʨʥʦʡ.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʅʝʦʙʭʦʜʠʤʳʤ ʫʩʣʦʚʠʝʤ ʫʪʚʝʨʞʜʝʥʠʷ A ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 

ʣʶʙʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʢʦʪʦʨʦʝ ʩʣʝʜʫʝʪ ʠʟ A, ʪ.ʝ. ʝʩʣʠ A BÝ , ʪʦ B  ï ʥʝʦʙ-

ʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ A.  

ʆʧʨʝʜʝʣʝʥʠʝ. ɼʦʩʪʘʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ ʫʪʚʝʨʞʜʝʥʠʷ A ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 

ʣʶʙʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʠʟ ʢʦʪʦʨʦʛʦ ʩʣʝʜʫʝʪ A, ʪ.ʝ. ʝʩʣʠ B AÝ , ʪʦ B  ï ʜʦʩ-

ʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ A.  

ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʚʝʨʥʦ A BÝ , ʘ ʪʘʢʞʝ ʚʝʨʥʦ ʠ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝ-

ʥʠʝ B AÝ , ʫʪʚʝʨʞʜʝʥʠʷ A ʠ B  ʥʘʟʳʚʘʶʪ ʵʢʚʠʚʘʣʝʥʪʥʳʤʠ ʠʣʠ ʛʦʚʦʨʷʪ, 

ʯʪʦ ʫʩʣʦʚʠʝ B  ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ ʜʣʷ A (ʠʣʠ ʫʩʣʦʚʠʝ A ʥʝʦʙʭʦ-

ʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ ʜʣʷ B), ʧʨʠ ʵʪʦʤ ʧʠʰʫʪ A BÚ .  

ʂʚʘʥʪʦʨʳ 

ʇʨʠ ʟʘʧʠʩʠ ʬʦʨʤʫʣʠʨʦʚʦʢ ʪʝʦʨʝʤ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʨʘʩʩʫʞʜʝʥʠʡ ʮʝ-

ʣʝʩʦʦʙʨʘʟʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʣʦʛʠʯʝʩʢʠʝ ʩʠʤʚʦʣʳ, ʥʘʟʳʚʘʝʤʳʝ ʢʚʘʥʪʦʨʘʤʠ:  

ʘ) ʢʚʘʥʪʦʨ ʚʩʝʦʙʱʥʦʩʪʠ " ʦʟʥʘʯʘʝʪ çʜʣʷ ʚʩʝʭè, çʜʣʷ ʢʘʞʜʦʛʦè;  

ʙ) ʢʚʘʥʪʦʨ ʩʫʱʝʩʪʚʦʚʘʥʠʷ $ ʦʟʥʘʯʘʝʪ çʩʫʱʝʩʪʚʫʝʪè, çʥʘʡʜʝʪʩʷè.  

1.2. ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʤʥʦʞʝʩʪʚ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʄʥʦʞʝʩʪʚʦʤ ʥʘʟʳʚʘʝʪʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴ ʢʘʢʠʭ-ʣʠʙʦ ʦʙʲ-

ʝʢʪʦʚ, ʤʳʩʣʠʤʳʭ ʢʘʢ ʝʜʠʥʦʝ ʮʝʣʦʝ. ʆʙʲʝʢʪʳ, ʠʟ ʢʦʪʦʨʳʭ ʩʦʩʪʦʠʪ ʤʥʦʞʝ-

ʩʪʚʦ, ʥʘʟʳʚʘʶʪʩʷ ʵʣʝʤʝʥʪʘʤʠ ʤʥʦʞʝʩʪʚʘ.  

ʆʙʦʟʥʘʯʘʶʪ ʤʥʦʞʝʩʪʚʘ ʟʘʛʣʘʚʥʳʤʠ ʙʫʢʚʘʤʠ , , ...A B , ʵʣʝʤʝʥʪʳ ʤʥʦʞʝ-

ʩʪʚʘ ï , , ...a b .  

ɿʘʧʠʩʴ ça AÍ è ʦʟʥʘʯʘʝʪ ça  ʧʨʠʥʘʜʣʝʞʠʪ ʤʥʦʞʝʩʪʚʫ Aè, ça AÎ è ï ʩʦ-

ʦʪʚʝʪʩʪʚʝʥʥʦ ça  ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ Aè.  

ʄʥʦʞʝʩʪʚʘ ʤʦʛʫʪ ʙʳʪʴ ʟʘʜʘʥʳ ʧʨʦʩʪʳʤ ʧʝʨʝʯʠʩʣʝʥʠʝʤ ʵʣʝʤʝʥʪʦʚ:  

{ }1; 4; 9;16A=   
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ʠʣʠ ʫʢʘʟʘʥʠʝʤ ʩʚʦʡʩʪʚ, ʧʦ ʢʦʪʦʨʳʤ ʦʧʨʝʜʝʣʷʶʪʩʷ ʵʣʝʤʝʥʪʳ, ʚʭʦʜʷʱʠʝ ʚ 

ʜʘʥʥʦʝ ʤʥʦʞʝʩʪʚʦ  

{ }2: 2 0A x x= - ¢.  

ɼʝʡʩʪʚʠʷ ʥʘʜ ʤʥʦʞʝʩʪʚʘʤʠ 

1) ʆʙʲʝʜʠʥʝʥʠʝʤ ʤʥʦʞʝʩʪʚ A ʠ B  ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ 

ʠʟ ʵʣʝʤʝʥʪʦʚ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʭʦʪʷ ʙʳ ʦʜʥʦʤʫ ʠʟ ʜʘʥʥʳʭ ʤʥʦʞʝʩʪʚ.  

 
ʈʠʩ. 1  

 

2) ʇʝʨʝʩʝʯʝʥʠʝʤ ʤʥʦʞʝʩʪʚ A ʠ B  ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʠʟ 

ʵʣʝʤʝʥʪʦʚ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ A, ʠ B .  

 
ʈʠʩ. 2  

 

3) ʄʥʦʞʝʩʪʚʦ A ʥʘʟʳʚʘʝʪʩʷ ʧʦʜʤʥʦʞʝʩʪʚʦʤ ʤʥʦʞʝʩʪʚʘ B, ʝʩʣʠ ʢʘʞ-

ʜʳʡ ʵʣʝʤʝʥʪ A ʧʨʠʥʘʜʣʝʞʠʪ ʠ ʤʥʦʞʝʩʪʚʫ B .  

 
ʈʠʩ. 3  

ʝʩʪʴ ʧʦʜʤʥʦʞʝʩʪʚʦ A B A BË -

A B

 ʧʝʨʝʩʝʯʝʥʠʝ ʠA B A B-

A
B

ʦʙʲʝʜʠʥʝʥʠʝ ʠA B A B-

BA
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4) ɹʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ Å ʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ, ʥʝ ʩʦʜʝʨʞʘʱʝʝ ʥʠ ʦʜʥʦʛʦ 

ʵʣʝʤʝʥʪʘ.  

1.3. ʏʠʩʣʦʚʳʝ ʤʥʦʞʝʩʪʚʘ. ɼʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ 

 ï ʤʥʦʞʝʩʪʚʦ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, { }1; 2; 3; ...= .  

 ï ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʯʠʩʝʣ, { }0; 1; 2; ...= ° ° .  

 ï ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, { }:x x= -¤< <+¤.  

ʅʘ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʨʘʩʩʤʦʪʨʠʤ ʝʛʦ ʧʦʜʤʥʦʞʝʩʪʚʘ, 

ʢʦʪʦʨʳʝ ʥʘʟʳʚʘʶʪʩʷ ʧʨʦʤʝʞʫʪʢʘʤʠ.  

ʀʥʪʝʨʚʘʣ: ( ){ }; :a b x a x b= Í < <.  

ʆʪʨʝʟʦʢ: [ ]{ }; :a b x a x b= Í ¢ ¢.  

ʇʦʣʫʠʥʪʝʨʚʘʣʳ: ( ]{ }; :a b x a x b= Í < ¢,  [ ){ }; :a b x a x b= Í ¢ <.  

ʄʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʙʲʝʜʠʥʝʥʠʝ 

ʜʚʫʭ ʥʝʧʝʨʝʩʝʢʘʶʱʠʭʩʷ ʧʦʜʤʥʦʞʝʩʪʚ ï ʤʥʦʞʝʩʪʚʘ ʨʘʮʠʦʥʘʣʴʥʳʭ ʠ ʤʥʦ-

ʞʝʩʪʚʘ ʠʨʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ.  

ʈʘʮʠʦʥʘʣʴʥʳʝ ʯʠʩʣʘ ï ʵʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ, ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʧʨʝʜ-

ʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʦʪʥʦʰʝʥʠʷ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ. ɺ ʜʝʩʷʪʠʯʥʦʡ ʟʘʧʠʩʠ ʦʥʠ ʟʘ-

ʜʘʶʪʩʷ ʣʠʙʦ ʢʦʥʝʯʥʦʡ, ʣʠʙʦ ʙʝʩʢʦʥʝʯʥʦʡ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʜʝʩʷʪʠʯʥʦʡ ʜʨʦ-

ʙʴʶ:  

()
1

4; ; 0,125;1,22727;1, 3
3
- .  

ʀʨʨʘʮʠʦʥʘʣʴʥʳʝ ʯʠʩʣʘ ï ʵʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ, ʢʦʪʦʨʳʝ ʥʝʣʴʟʷ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʦʪʥʦʰʝʥʠʷ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ. ɺ ʜʝʩʷʪʠʯʥʦʡ ʟʘʧʠʩʠ ʦʥʠ 

ʟʘʜʘʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦʡ ʥʝʧʝʨʠʦʜʠʯʝʩʢʦʡ ʜʝʩʷʪʠʯʥʦʡ ʜʨʦʙʴʶ. ʅʘʧʨʠʤʝʨ,  

, 2, 3, lg5p .  

ʆʧʨʝʜʝʣʝʥʠʝ. ʏʠʩʣʦʚʦʡ ʦʩʴʶ ʥʘʟʳʚʘʝʪʩʷ ʧʨʷʤʘʷ, ʥʘ ʢʦʪʦʨʦʡ ʟʘʜʘʥʳ: 

1) ʥʘʧʨʘʚʣʝʥʠʝ; 2) ʥʘʯʘʣʦ ʦʪʩʯʝʪʘ (ʪʦʯʢʘ O ); 3) ʤʘʩʰʪʘʙ (ʪʦʯʢʘ 1).  

 
ʈʠʩ. 4  

 

ʄʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʠ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ʯʠʩʣʦʚʦʡ ʦʩʠ ʥʘ-

ʭʦʜʷʪʩʷ ʚʦ ʚʟʘʠʤʥʦ-ʦʜʥʦʟʥʘʯʥʦʤ ʩʦʦʪʚʝʪʩʪʚʠʠ: ʢʘʞʜʦʡ ʪʦʯʢʝ M  ʯʠʩʣʦʚʦʡ 

ʦʩʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ x, ʢʦʪʦʨʦʝ ʥʘʟʳʚʘʝʪʩʷ ʢʦʦʨʜʠʥʘ-

ʪʦʡ ʪʦʯʢʠ M , ʧʠʰʫʪ ()M x , ʪ.ʝ. çʪʦʯʢʘ M , ʠʤʝʶʱʘʷ ʢʦʦʨʜʠʥʘʪʫ xè.  

ʄʦʜʫʣʴ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ. ʆʜʥʦʡ ʠʟ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʜʝʡʩʪʚʠ-

ʪʝʣʴʥʦʛʦ ʯʠʩʣʘ ʷʚʣʷʝʪʩʷ ʝʛʦ ʘʙʩʦʣʶʪʥʘʷ ʚʝʣʠʯʠʥʘ ʠʣʠ ʤʦʜʫʣʴ. ʇʦ ʦʧʨʝʜʝ-

ʣʝʥʠʶ, 

0 1 x
X
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, ʝʩʣʠ 0,

, ʝʩʣʠ 0.

²ë
=ì
- <í

a a
a

a a
  

 

ʉʚʦʡʩʪʚʘ ʤʦʜʫʣʷ:  

1) 0,x x² " Í; 0 0;x x= Ú =   

2) ,xy x y x y= Ö " Í;  

3) ,x y x y x y+ ¢ + " Í;  

4) ,x y x y x y- ² - " Í.  

ɻʝʦʤʝʪʨʠʯʝʩʢʠ ʤʦʜʫʣʴ ʯʠʩʣʘ x  ʝʩʪʴ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ ʯʠʩʣʦʚʦʡ ʦʩʠ, 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʜʘʥʥʦʤʫ ʯʠʩʣʫ, ʜʦ ʥʘʯʘʣʘ ʦʪʩʯʝʪʘ.  

ɽʩʣʠ ʥʘ ʯʠʩʣʦʚʦʡ ʦʩʠ ʦʪʤʝʯʝʥʳ ʜʚʝ ʪʦʯʢʠ ()1 1M x  ʠ ( )2 2M x , ʪʦ ʨʘʩ-

ʩʪʦʷʥʠʝ ʤʝʞʜʫ ʥʠʤʠ ( )1 2 1 2,M M x xr = - .  

ʇʨʠʤʝʨ. ʀʟʦʙʨʘʟʠʤ ʥʘ ʯʠʩʣʦʚʦʡ ʦʩʠ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ, ʢʦʦʨʜʠʥʘʪʳ ʢʦ-

ʪʦʨʳʭ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʫ 2 3x- ¢.  

ʊ.ʢ. ( )2 ;2x xr- = , ʥʝʨʘʚʝʥʩʪʚʦ ʟʘʧʠʰʝʪʩʷ ʪʘʢ: ( );2 3xr ¢, ʪ.ʝ. ʤʥʦʞʝ-

ʩʪʚʦ ʪʦʯʝʢ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ x, ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʢʦʪʦʨʳʭ ʜʦ ʪʦʯʢʠ 2 ʤʝʥʴʰʝ 

ʠʣʠ ʨʘʚʥʦ 3. ʕʪʠ ʪʦʯʢʠ ʨʘʩʧʦʣʦʞʝʥʳ ʥʘ ʦʪʨʝʟʢʝ [ ]1;5-  (ʨʠʩ. 5).  

 
ʈʠʩ. 5  

 

ʂʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ 

1. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦʤ? ʂʘʢʠʝ ʜʝʡʩʪʚʠʷ ʥʘʜ ʤʥʦʞʝʩʪʚʘʤʠ ʤʦʞ-

ʥʦ ʧʨʦʠʟʚʦʜʠʪʴ? 

2. ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨʳ ʯʠʩʣʦʚʳʭ ʤʥʦʞʝʩʪʚ. 

3. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʤʦʜʫʣʷ ʯʠʩʣʘ ʠ ʧʨʠʚʝʜʠʪʝ ʩʚʦʡʩʪʚʘ ʤʦʜʫʣʷ. 

 

  

X1- 52
¶
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2. ʌʋʅʂʎʀʗ 

2.1. ʇʦʥʷʪʠʝ ʬʫʥʢʮʠʠ, ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ, 

ʚʟʘʠʤʥʦ ʦʙʨʘʪʥʳʝ ʬʫʥʢʮʠʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʫʩʪʴ X  ʠ Y  ï ʜʚʘ ʧʨʦʠʟʚʦʣʴʥʳʭ ʤʥʦʞʝʩʪʚʘ. ʆʪʦʙʨʘ-

ʞʝʥʠʝʤ ʤʥʦʞʝʩʪʚʘ X  ʚ ʤʥʦʞʝʩʪʚʦ Y  ʥʘʟʳʚʘʝʪʩʷ ʟʘʢʦʥ f , ʧʦ ʢʦʪʦʨʦʤʫ 

ʢʘʞʜʦʤʫ ʵʣʝʤʝʥʪʫ ʤʥʦʞʝʩʪʚʘ X  ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʝʢʦʪʦʨʳʡ, ʧʨʠ-

ʯʝʤ ʝʜʠʥʩʪʚʝʥʥʳʡ, ʵʣʝʤʝʥʪ ʤʥʦʞʝʩʪʚʘ Y. ʆʙʦʟʥʘʯʘʶʪ:  
f

ʍ Y½½    ʠʣʠ   :f X Y .  

ʊʘʢʞʝ ʛʨʘʬʠʯʝʩʢʠ ʦʪʦʙʨʘʞʝʥʠʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ, ʢʘʢ ʥʘ ʨʠʩ. 6. 

ʉʪʨʝʣʢʘʤʠ ʧʦʢʘʟʘʥʦ, ʢʘʢʦʡ ʵʣʝʤʝʥʪ ʤʥʦʞʝʩʪʚʘ Y  ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʵʣʝʤʝʥʪʫ 

ʤʥʦʞʝʩʪʚʘ X .  

 

 
ʈʠʩ. 6  

 

ɺ ʩʣʫʯʘʝ, ʝʩʣʠ X  ʠ Y  ï ʤʥʦʞʝʩʪʚʘ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʦʪʦʙʨʘʞʝʥʠʝ 

f  ʥʘʟʳʚʘʝʪʩʷ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʬʫʥʢʮʠʝʡ ʦʜʥʦʛʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʧʝʨʝʤʝʥ-

ʥʦʛʦ ʠʣʠ ʧʨʦʩʪʦ ʬʫʥʢʮʠʝʡ.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʝʡ ʥʘʟʳʚʘʝʪʩʷ ʧʨʘʚʠʣʦ, ʧʦ ʢʦʪʦʨʦʤʫ ʢʘʞʜʦʤʫ 

ʯʠʩʣʫ ʠʟ ʤʥʦʞʝʩʪʚʘ X  ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʝʢʦʪʦʨʦʝ, ʧʨʠʪʦʤ ʝʜʠʥʩʪ-

ʚʝʥʥʦʝ, ʯʠʩʣʦ ʠʟ ʤʥʦʞʝʩʪʚʘ Y .  

(), ,
f

ʍ Y y f x x X y Y½½ Ú = Í Í.  

ʇʨʠ ʵʪʦʤ x XÍ  ʥʘʟʳʚʘʝʪʩʷ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ ʠʣʠ ʘʨʛʫʤʝʥʪʦʤ, 

y YÍ  ï ʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ ʠʣʠ ʟʥʘʯʝʥʠʝʤ ʬʫʥʢʮʠʠ.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʄʥʦʞʝʩʪʚʦ X  ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢ-

ʮʠʠ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ()=D f X, ʤʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ y, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ 

ʧʦ ʧʨʘʚʠʣʫ f  ʤʥʦʞʝʩʪʚʫ ()D f , ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʠʟʤʝʥʝʥʠʷ (ʤʥʦʞʝ-

ʩʪʚʦʤ ʟʥʘʯʝʥʠʡ) ʬʫʥʢʮʠʠ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ()=E f Y .  

ʌʫʥʢʮʠʷ ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥʘ ʩʣʝʜʫʶʱʠʤʠ ʩʧʦʩʦʙʘʤʠ.  

1ʭ

2ʭ

3ʭ

4ʭ

ʍ Y

3ʫ

1ʫ

2ʫ

f
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1) ʊʘʙʣʠʯʥʳʡ. ɺ ʧʝʨʚʦʡ ʩʪʨʦʢʝ ʪʘʙʣʠʮʳ ʨʘʟʤʝʱʝʥʳ ʟʥʘʯʝʥʠʷ ʧʝʨʝʤʝʥ-

ʥʦʡ ,ʭ ʘ ʚʦ ʚʪʦʨʦʡ ï y  (ʪʘʙʣ. 1). 

ʊʘʙʣʠʮʘ 1 

X  1x  2x  é nx  

Y  1y  2y  é ny  

 

2) ɻʨʘʬʠʯʝʩʢʠʡ, ʪ.ʝ. ʩ ʧʦʤʦʱʴʶ ʢʨʠʚʦʡ, ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʥʘ ʢʦʪʦʨʦʡ ï 

ʵʪʦ ʟʥʘʯʝʥʠʝ ʧʝʨʝʤʝʥʥʦʡ x  ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʟʥʘʯʝʥʠʝ ʧʝʨʝʤʝʥʥʦʡ 

y .  

3) ɸʥʘʣʠʪʠʯʝʩʢʠʡ, ʪ.ʝ. ʩ ʧʦʤʦʱʴʶ ʬʦʨʤʫʣʳ, ʚʳʨʘʞʘʶʱʝʡ ʧʝʨʝʤʝʥʥʫʶ 

y  ʯʝʨʝʟ ʧʝʨʝʤʝʥʥʫʶ x :  

()y f x= , f  ï ʥʝʢʦʪʦʨʘʷ ʬʦʨʤʫʣʘ. 

ɽʩʣʠ ʬʫʥʢʮʠʷ ʟʘʜʘʥʘ ʬʦʨʤʫʣʦʡ ()y f x= , ʪʦ ʛʨʘʬʠʢʦʤ ʬʫʥʢʮʠʠ ʥʘʟr-

ʚʘʝʪʩ ̫ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ʢʦʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʠ, ʢʦʦʨʜʠʥʘʪʳ ʢʦʪʦʨʳʭ 

ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʩʦʦʪʥʦʰʝʥʠʶ ()y f x= .  

ʆʧʨʝʜʝʣʝʥʠʝ. ʆʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ (ʝʩʪʝʩʪʚʝʥʥʦʡ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝ-

ʣʝʥʠʷ) ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ ʧʝʨʝʤʝʥʥʦʡ x, ʧʨʠ ʢʦʪʦʨʳʭ ʚʳʨʘ-

ʞʝʥʠʝ ()f x  ʠʤʝʝʪ ʩʤʳʩʣ.  

ʇʨʠ ʥʘʭʦʞʜʝʥʠʠ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʥʫʞʥʦ ʫʯʠʪʳʚʘʪʴ ʩʣʝʜʫʶʱʠʝ 

ʫʩʣʦʚʠʷ:  

1) ʚʳʨʘʞʝʥʠʝ ʧʦʜ ʢʦʨʥʝʤ ʯʝʪʥʦʡ ʩʪʝʧʝʥʠ ʜʦʣʞʥʦ ʙʳʪʴ ʥʝʦʪʨʠʮʘʪʝʣʴ-

ʥʳʤ;  

2) ʟʥʘʤʝʥʘʪʝʣʴ ʜʨʦʙʠ ʥʝ ʜʦʣʞʝʥ ʙʳʪʴ ʨʘʚʝʥ ʥʫʣʶ;  

3) ʘʨʛʫʤʝʥʪ ʣʦʛʘʨʠʬʤʘ ʜʦʣʞʝʥ ʙʳʪʴ ʧʦʣʦʞʠʪʝʣʴʥʳʤ;  

4) ʘʨʛʫʤʝʥʪʳ ʘʨʢʩʠʥʫʩʘ ʠ ʘʨʢʢʦʩʠʥʫʩʘ ʜʦʣʞʥʳ ʧʨʠʥʘʜʣʝʞʘʪʴ ʦʪʨʝʟʢʫ 

[ ]1;1- ;  

5) ʘʨʛʫʤʝʥʪ ʪʘʥʛʝʥʩʘ ʥʝ ʜʦʣʞʝʥ ʙʳʪʴ ʨʘʚʝʥ ,
2

n n
p
p+ Í, ʘʨʛʫʤʝʥʪ ʢʦ-

ʪʘʥʛʝʥʩʘ ʥʝ ʜʦʣʞʝʥ ʙʳʪʴ ʨʘʚʝʥ ,n np Í . 

ʇʨʠʤʝʨ.r  

1) 3 4y x= +. 
4

3 4 0
3

x x+ ² Ú ²-. ɿʥʘʯʠʪ, ()
4

;
3

D f
è õ
= - +¤öé
ê ÷

 

2) 
2

2

4

x
y

x
=
-

.   2 4 0 2x x- ¸ Ú ¸°.  

ɿʥʘʯʠʪ, ()( )( )( ); 2 2; 2 2;D f = -¤ - - +¤. 

3) ( )
( )

1
arcsin 2 5

ln 3 7
y x

x
= + -

+
. 



7 

()

2 5 1,

:

x

D f

¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡+ ¢ ¶ ¶ 

3 2

3 7 0,x

- -

+ >

¡¡¡¡¡¡¡¡¡¡ ¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

( )
7

ln 3 7 0. 2
3

x

ë
î
î
îî
ì
î

+ ¸ - -î
î
îí

 

2 5 1, 2 4, 2,
2 5 1

2 5 1 2 6 3.

x x x
x

x x x

+ ¢ ¢- ¢-ë ë ë
+ ¢ Ú Ú Úì ì ì

+ ²- ²- ²-í í í
 

7
3 7 0 3 7

3
x x x+ > Ú >- Ú >-. 

( )ln 3 7 0 3 7 1 2.x x x+ ¸ Ú + ¸ Ú ¸- 

ɿʥʘʯʠʪ, ()
7

; 2
3

D f
å õ
= - -æ ö
ç ÷

. 

ʇʦʥʷʪʠʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ 

ʇʫʩʪʴ ʟʘʜʘʥʳ ʜʚʝ ʬʫʥʢʮʠʠ ()y f u=  ʠ ()u g x=  ʪʘʢʠʝ, ʯʪʦ 

() ()=E g D f , ʪ.ʝ. : ; : f U Y g X U (ʨʠʩ. 7). 

 

 
ʈʠʩ. 7  

 

ɼʚʘ ʦʪʦʙʨʘʞʝʥʠʷ f  ʠ g  ʟʘʜʘʶʪ ʧʨʘʚʠʣʦ, ʧʦ ʢʦʪʦʨʦʤʫ ʯʠʩʣʘʤ ʠʟ ʤʥʦ-

ʞʝʩʪʚʘ X  ʩʪʘʚʷʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʯʠʩʣʘ ʠʟ ʤʥʦʞʝʩʪʚʘ Y. ʊʝʤ ʩʘʤʳʤ ʦʧ-

ʨʝʜʝʣʷʝʪʩʷ ʥʦʚʘʷ ʬʫʥʢʮʠʷ F, ʢʦʪʦʨʘʷ ʥʘʟʳʚʘʝʪʩʷ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʝʡ ʠʣʠ 
ʩʫʧʝʨʧʦʟʠʮʠʝʡ ʬʫʥʢʮʠʡ f  ʠ g :  

()=ʫ F x ʠʣʠ ()( )=ʫ f g x.  

ʇʝʨʝʤʝʥʥʘʷ u  ʥʘʟʳʚʘʝʪʩʷ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʧʝʨʝʤʝʥʥʦʡ. 

 

()D g

() ()=E g D f

()E f

1ʭ

2ʭ

3ʭ
3ʫ
2ʫ

1ʫ

3u

1u

2u
g f

F
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ʇʦʥʷʪʠʝ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()f x  ʥʘʟʳʚʘʝʪʩʷ ʦʙʨʘʪʠʤʦʡ, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ 

ʵʣʝʤʝʥʪʘ ()Íy E f  ʫʨʘʚʥʝʥʠʝ ()y f x=  ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ 

()Íx D f .  

 
ʈʠʩ. 8  

 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʦʙʨʘʪʠʤʘʷ, ʝʝ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ()=D f X

, ʦʙʣʘʩʪʴ ʠʟʤʝʥʝʥʠʷ ()=E f Y .  

 
ʈʠʩ. 9  

 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʦʩʪʘʚʠʤ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʢʘʞʜʦʤʫ ʵʣʝʤʝʥʪʫ y  ʠʟ ʤʥʦ-

ʞʝʩʪʚʘ ()E f  ʪʦʪ ʝʜʠʥʩʪʚʝʥʥʳʡ ʵʣʝʤʝʥʪ x  ʠʟ ʤʥʦʞʝʩʪʚʘ ()D f , ʢʦʪʦʨʳʡ 

ʧʝʨʝʭʦʜʠʣ ʚ ʥʝʛʦ ʧʦ ʧʨʘʚʠʣʫ f . ʕʪʦʪ ʟʘʢʦʥ ʩʦʦʪʚʝʪʩʪʚʠʷ ʥʘʟʳʚʘʝʪʩʷ 

ʬʫʥʢʮʠʝʡ, ʦʙʨʘʪʥʦʡ ʢ ʬʫʥʢʮʠʠ f  ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ 1f - :  

()1x f y-= .  

ʗʩʥʦ, ʯʪʦ ( ) ()1- =D f E f ,  ( ) ()1- =E f D f .  

ʆʙʳʯʥʦ ʧʨʠ ʟʘʧʠʩʠ ʘʥʘʣʠʪʠʯʝʩʢʠ ʟʘʜʘʥʥʦʡ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ ʧʝʨʝ-

ʠʤʝʥʦʚʳʚʘʶʪ ʚʭʦʜʷʱʠʝ ʚ ʥʝʝ ʧʝʨʝʤʝʥʥʳʝ ʠ ʟʘʜʘʶʪ ʦʙʨʘʪʥʫʶ ʬʫʥʢʮʠʶ 

ʚ ʚʠʜʝ ()1-=y f x .  

1x 2x 3x
x

1y 2y 3y
y

f

1f -

1f
D

1f
E

2fD
2f

E

1x 2x 3x x
1y 2y 3y y

1f 2f

1x 2x 3x
3 2y y= 1y y

1ʌʫʥʢʮʠʷ   ʦʙʨʘʪʠʤʘʷf 2ʌʫʥʢʮʠʷ   ʥʝʦʙʨʘʪʠʤʘʷf
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ɽʩʣʠ ʬʫʥʢʮʠʠ ()y f x=  ʠ ()1-=y f x  ʚʟʘʠʤʥʦ ʦʙʨʘʪʥʳʝ, ʠʭ ʛʨʘʬʠʢʠ 

ʚ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʩʠʤʤʝʪʨʠʯʥʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʙʠʩʩʝʢʪʨʠʩʳ 

ʧʝʨʚʦʛʦ ʠ ʪʨʝʪʴʝʛʦ ʢʦʦʨʜʠʥʘʪʥʳʭ ʫʛʣʦʚ. ʀʟ ʠʟʚʝʩʪʥʳʭ ʬʫʥʢʮʠʡ ʚʟʘʠʤʥʦ 

ʦʙʨʘʪʥʳʤʠ ʷʚʣʷʶʪʩʷ, ʥʘʧʨʠʤʝʨ, xy a=  ʠ logay x= .  

ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʢʚʘʜʨʘʪʠʯʥʫʶ ʬʫʥʢʮʠʶ 2y x=  (ʛʨʘʬʠʢ 

ʥʘ ʨʠʩ. 10).  

 
ʈʠʩ. 10  

 

ʕʪʘ ʬʫʥʢʮʠʷ ʥʝ ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʠʤʦʡ, ʪ.ʢ. ʧʨʠ ʣʶʙʦʤ ʧʦʣʦʞʠʪʝʣʴʥʦʤ 

ʟʥʘʯʝʥʠʠ ( ]0 0;y Í +¤ ʫʨʘʚʥʝʥʠʝ 2
0=x y  ʠʤʝʝʪ ʜʚʘ ʨʝʰʝʥʠʷ: 0y  ʠ 0- y . 

ʅʦ ʨʘʩʩʤʘʪʨʠʚʘʷ ʬʫʥʢʮʠʶ 2y x=  ʥʝ ʥʘ ʚʩʝʤ ʤʥʦʞʝʩʪʚʝ , ʘ ʪʦʣʴʢʦ ʥʘ ʥʝ-

ʦʪʨʠʮʘʪʝʣʴʥʦʡ ʝʛʦ ʯʘʩʪʠ [ )0;+¤, ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʬʫʥʢʮʠʶ, ʦʙʨʘʪʥʫʶ 

ʢ ʜʘʥʥʦʡ. ʆʥʘ ʟʘʜʘʝʪʩʷ ʬʦʨʤʫʣʦʡ y x= . ɻʨʘʬʠʢʠ ʠʟʦʙʨʘʞʝʥʳ ʥʘ ʨʠʩ. 11. 
 

 
ʈʠʩ. 11  

y

x0

1

1

1

1

y

x0

2, 0= ²y x ʭ

=y x

=y x
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ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʚʳʨʘʟʠʪʴ ʘʥʘʣʠʪʠʯʝʩʢʠ ʬʫʥʢʮʠʶ, ʦʙʨʘʪʥʫʶ ʢ ʜʘʥʥʦʡ, 

ʥʘʜʦ ʠʟ ʩʦʦʪʥʦʰʝʥʠʷ ()y f x=  ʚʳʨʘʟʠʪʴ x  ʯʝʨʝʟ y, ʘ ʟʘʪʝʤ ʧʝʨʝʠʤʝʥʦʚʘʪʴ 

ʧʝʨʝʤʝʥʥʳʝ.  

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʬʫʥʢʮʠʶ, ʦʙʨʘʪʥʫʶ ʢ 
2 1

3

x
y

x

+
=
-

.  

ʈʝʰʝʥʠʝ. ɺʳʨʘʟʠʤ x  ʯʝʨʝʟ y :  

( )3 2 1y x x- = +,  

3 2 1xy y x- = +,  

2 3 1xy x y- = +,  

( )2 3 1x y y- = +,  

3 1

2

y
x

y

+
=
-

.  

ʇʝʨʝʠʤʝʥʫʝʤ ʧʝʨʝʤʝʥʥʳʝ: 
3 1

2

x
y

x

+
=
-
. ʌʫʥʢʮʠʠ 

2 1

3

x
y

x

+
=
-

 ʠ 
3 1

2

x
y

x

+
=
-

 

ʷʚʣʷʶʪʩʷ ʚʟʘʠʤʥʦ ʦʙʨʘʪʥʳʤʠ.  

2.2. ʕʣʝʤʝʥʪʳ ʧʦʚʝʜʝʥʠʷ ʬʫʥʢʮʠʠ 

1) ʏʝʪʥʦʩʪʴ, ʥʝʯʝʪʥʦʩʪʴ ʬʫʥʢʮʠʠ  

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()y f x=  ʥʘʟʳʚʘʝʪʩʷ ʯʝʪʥʦʡ (ʥʝʯʝʪʥʦʡ), ʝʩʣʠ:  

ʘ) ʝʝ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠ-

ʥʘʪ;  

ʙ) ʜʣʷ ʣʶʙʦʛʦ ʟʥʘʯʝʥʠʷ x  ʠʟ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʚʳʧʦʣʥʷʝʪʩʷ ʩʦʦʪ-

ʥʦʰʝʥʠʝ ( ) ()f x f x- =   ( ) ()( )f x f x- =- .  

ɿʘʤʝʯʘʥʠʝ. ɻʨʘʬʠʢ ʯʝʪʥʦʡ ʬʫʥʢʮʠʠ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 

,Oʫ ʛʨʘʬʠʢ ʥʝʯʝʪʥʦʡ ʬʫʥʢʮʠʠ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠ-

ʥʘʪ.  

ɿʘʤʝʯʘʥʠʝ. ɽʩʣʠ ʬʫʥʢʮʠʷ ʥʝ ʷʚʣʷʝʪʩʷ ʥʠ ʯʝʪʥʦʡ, ʥʠ ʥʝʯʝʪʥʦʡ, ʦʥʘ ʥʘ-

ʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʝʡ ʦʙʱʝʛʦ ʚʠʜʘ.  

ʇʨʠʤʝʨ. ʀʩʩʣʝʜʫʡʪʝ ʬʫʥʢʮʠʶ ʥʘ ʯʝʪʥʦʩʪʴ: 3 23 2= -ʫ x x.  

ʈʝʰʝʥʠʝ. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ()( );= -¤ ¤D f  ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠ-

ʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ. 

( ) ( ) ( )
3 2 3 23 2 3 2f x x x x x- = - - - =- -, 

( ) () ( ) (),f x f x f x f x- ¸ - ¸-. 

ɺʳʚʦʜ: ʬʫʥʢʮʠʷ 3 23 2= -ʫ x x ʬʫʥʢʮʠʷ ʦʙʱʝʛʦ ʚʠʜʘ.  

ʇʨʠʤʝʨ. ʀʩʩʣʝʜʫʡʪʝ ʬʫʥʢʮʠʶ ʥʘ ʯʝʪʥʦʩʪʴ: () 2 2-= +x xf x .  

ʈʝʰʝʥʠʝ. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ()( );= -¤ +¤D f  ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠ-

ʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ. 
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( ) ( )
2 2 2 2

xx x xf x
- -- -- = + = +.  

ʊ.ʢ. ( ) ()f x f x- = , ʪʦ ʬʫʥʢʮʠʷ () 2 2x xf x -= +  ʯʝʪʥʘʷ.  

ʇʨʠʤʝʨ. ʀʩʩʣʝʜʫʡʪʝ ʬʫʥʢʮʠʶ ʥʘ ʯʝʪʥʦʩʪʴ: () ( )2lg 1f x x x= + + .  

ʈʝʰʝʥʠʝ. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ()( );= -¤ ¤D f  ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠ-

ʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ. 

( ) ( )
( )( )2 2

2

2

1 1
lg 1 lg

1

x x x x
f x x x

x x

+ - + +
å õ

- = - + + - = =æ ö
ç ÷ + +

 

( ) ()
2

22
2 2

2 2 2

1
1 1

lg lg lg
1 1 1

x x
x x

x x x x x x

+ -
+ -

= = = =
+ + + + + +

 

( ) ( )
1

2 2lg 1 lg 1x x x x
-

= + + =- + +.  

ʊ.ʢ. ( ) ()f x f x- =- , ʪʦ ʬʫʥʢʮʠʷ () ( )2lg 1f x x x= + +  ʥʝʯʝʪʥʘʷ.  

2) ʇʝʨʠʦʜʠʯʥʦʩʪʴ  

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()y f x=  ʥʘʟʳʚʘʝʪʩʷ ʧʝʨʠʦʜʠʯʝʩʢʦʡ, ʝʩʣʠ ʩʫ-

ʱʝʩʪʚʫʝʪ ʪʘʢʦʝ, ʥʝ ʨʘʚʥʦʝ ʥʫʣʶ, ʯʠʩʣʦ T, ʯʪʦ:  

ʘ) () ()," Í ° Íx D f x T D f ;  

ʙ) () ( ) ()," Í ° =x D f f x T f x . 

ʇʨʠ ʵʪʦʤ ʯʠʩʣʦ T  ʥʘʟʳʚʘʝʪʩʷ ʧʝʨʠʦʜʦʤ ʬʫʥʢʮʠʠ ()f x .  

ʅʘʠʤʝʥʴʰʠʡ ʠʟ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʧʝʨʠʦʜʦʚ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʝʪʩʷ ʦʩʥʦʚ-

ʥʳʤ ʧʝʨʠʦʜʦʤ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ 0T , ʧʨʠ ʵʪʦʤ ʚʩʝ ʧʝʨʠʦʜʳ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ 

ʦʧʨʝʜʝʣʷʶʪʩʷ ʬʦʨʤʫʣʦʡ  

0,T kT k= Í .  

ʅʘʧʨʠʤʝʨ, ʜʣʷ ʬʫʥʢʮʠʠ 0sin 2y x T p= = , 2T kp= , kÍ .  

ɿʘʤʝʯʘʥʠʝ. ʇʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ ʠʣʠ ʧʦʩʪʨʦʝ-

ʥʠʠ ʝʝ ʛʨʘʬʠʢʘ ʜʦʩʪʘʪʦʯʥʦ ʟʥʘʪʴ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ ʥʘ ʣʶʙʦʤ ʦʪʨʝʟʢʝ ʯʠ-

ʩʣʦʚʦʡ ʦʩʠ ʜʣʠʥʦʶ ʚ ʧʝʨʠʦʜ.  

3) ʆʛʨʘʥʠʯʝʥʥʦʩʪʴ  

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()y f x= , ʦʧʨʝʜʝʣʝʥʥʘʷ ʥʘ ʤʥʦʞʝʩʪʚʝ X, ʥʘ-

ʟʳʚʘʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʚʝʨʭʫ (ʩʥʠʟʫ) ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ 

ʪʘʢʦʝ ʯʠʩʣʦ M , ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʟʥʘʯʝʥʠʷ x XÍ  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

() ()( )¢ ²f x M f x M . 

ʌʫʥʢʮʠʷ, ʦʛʨʘʥʠʯʝʥʥʘʷ ʩʚʝʨʭʫ ʠ ʩʥʠʟʫ ʥʘ ʤʥʦʞʝʩʪʚʝ X, ʥʘʟʳʚʘʝʪʩʷ 
ʦʛʨʘʥʠʯʝʥʥʦʡ ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ.  
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ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ 2xy=  ʥʘ ʤʥʦʞʝʩʪʚʝ  ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʥʠ-

ʟʫ, ʪ.ʢ. ( );x" Í -¤ ¤ ʚʝʨʥʦ ʥʝʨʘʚʝʥʩʪʚʦ ( )2 0 0> =x M .  

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ siny x=  ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʥʘ , ʪ.ʢ. ʧʨʠ ʚʩʝʭ 

( );xÍ -¤ ¤ ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 1 sin 1x- ¢ ¢.  

4) ʄʦʥʦʪʦʥʥʦʩʪʴ  

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()y f x= , ʦʧʨʝʜʝʣʝʥʥʘʷ ʥʘ ʤʥʦʞʝʩʪʚʝ X, ʥʘ-

ʟʳʚʘʝʪʩʷ ʚʦʟʨʘʩʪʘʶʱʝʡ (ʫʙʳʚʘʶʱʝʡ) ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ, ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ 

ʟʥʘʯʝʥʠʡ 1 2, Íx x ʍ, ʪʘʢʠʭ, ʯʪʦ 1 2x x<  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

() ( )( )1 2 1 2( ) ( )f x f x f x f x< > .  

ʂʨʘʪʢʘʷ ʟʘʧʠʩʴ ʦʧʨʝʜʝʣʝʥʠʷ:  

()f x  ʚʦʟʨʘʩʪʘʝʪ ʥʘ () ( )1 2 1 2 1 2: , ,X x x X x x f x f x" Í < Ý < ,  

()f x  ʫʙʳʚʘʝʪ ʥʘ () ( )1 2 1 2 1 2: , ,X x x X x x f x f x" Í < Ý > .  

ɺʦʟʨʘʩʪʘʶʱʠʝ ʠ ʫʙʳʚʘʶʱʠʝ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʶʪʩʷ ʩʪʨʦʛʦ ʤʦʥʦʪʦʥʥʳ-

ʤʠ.  

ɽʩʣʠ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʩʪʨʦʛʠʝ ʥʝʨʘʚʝʥʩʪʚʘ ʟʘʤʝʥʠʤ ʥʘ ʥʝʩʪʨʦʛʠʝ, ʧʦʣʫ-

ʯʠʤ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʫʙʳʚʘʶʱʝʡ ʠ ʥʝʚʦʟʨʘʩʪʘʶʱʝʡ ʬʫʥʢʮʠʡ:  

()f x  ʥʝʫʙʳʚʘʶʱʘʷ ʥʘ () ( )1 2 1 2 1 2: , ,X x x X x x f x f x" Í < Ý ¢ ,  

()f x  ʥʝʚʦʟʨʘʩʪʘʶʱʘʷ ʥʘ () ( )1 2 1 2 1 2: , ,X x x X x x f x f x" Í < Ý ² .  

ʊʘʢʠʝ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʶʪʩʷ ʤʦʥʦʪʦʥʥʳʤʠ ʥʘ X .  

2.3. ʆʙʟʦʨ ʦʩʥʦʚʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ 

1. ʉʪʝʧʝʥʥʘʷ =y xa, Ía .  

ʅʘ ʨʠʩ. 12ï17 ʠʟʦʙʨʘʞʝʥʳ ʛʨʘʬʠʢʠ ʩʪʝʧʝʥʥʳʭ ʬʫʥʢʮʠʡ ʧʨʠ 2=a , 

3=a , 1=-a , 2=-a , 1 2=a , 1 3=a . 
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2. ʇʦʢʘʟʘʪʝʣʴʥʘʷ xy a=   ( )0, 1a a> ¸ . 

ʇʨʠ 1a>  ʬʫʥʢʮʠʷ xy a=  ʚʦʟʨʘʩʪʘʶʱʘʷ ʥʘ ()=D f , ʧʨʠ 0 1a< < 

ʬʫʥʢʮʠʷ xy a=  ʫʙʳʚʘʶʱʘʷ ʥʘ  (ʨʠʩ. 18).  

ɻʨʘʬʠʢʠ ʚʩʝʭ ʧʦʢʘʟʘʪʝʣʴʥʳʭ ʬʫʥʢʮʠʡ ʧʨʦʭʦʜʷʪ ʯʝʨʝʟ ʪʦʯʢʫ ( )0;1  ʢʦ-

ʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʠ.  

ʈʘʩʩʤʦʪʨʠʤ ʥʝʩʢʦʣʴʢʦ ʧʦʢʘʟʘʪʝʣʴʥʳʭ ʬʫʥʢʮʠʡ = xʫ a ʩ ʦʩʥʦʚʘʥʠʤ̫ʠ 

1a> . ʇʨʦʚʝʜʝʤ ʢ ʛʨʘʬʠʢʘʤ ʵʪʠʭ ʬʫʥʢʮʠʡ ʢʘʩʘʪʝʣʴʥʳʝ ʚ ʪʦʯʢʝ ( )0;1  

(ʨʠʩ. 19). ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ j ʫʛʦʣ, ʦʙʨʘʟʦʚʘʥʥʳʡ ʢʘʩʘʪʝʣʴʥʦʡ ʠ ʧʦʣʦʞʠ-

()( )( )

()( )

;0 0;

0;

= -¤ +¤

= +¤

D f

E f

0

1

y

2

1
=ʫ
ʭ
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()( )( )

()( )( )

;0 0;

;0 0;

= -¤ +¤
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y
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=ʫ
ʭ

1 x

()( )

()( )

;

;

= -¤ +¤

= -¤ +¤
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0

1

y

3=ʫ ʭ

1 x
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()[ )

0;

0;

= +¤
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E f

0

1

y

=ʫ ʭ

1 x
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ʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ Oʭ. ʉ ʠʟʤʝʥʝʥʠʝʤ ʦʩʥʦʚʘʥʠʷ a  ʤʝʥʷʝʪʩʷ ʠ 

ʫʛʦʣ j.  

 
ʈʠʩ. 18 

 

 
ʈʠʩ. 19 

 

ʆʧʨʝʜʝʣʝʥʠʝ. ʊʦ ʟʥʘʯʝʥʠʝ ʦʩʥʦʚʘʥʠʷ a  ʬʫʥʢʮʠʠ xy a= , ʜʣʷ ʢʦʪʦʨʦʛʦ 

ʫʛʦʣ j, ʦʙʨʘʟʦʚʘʥʥʳʡ ʢʘʩʘʪʝʣʴʥʦʡ ʢ ʛʨʘʬʠʢʫ ʚ ʪʦʯʢʝ ( )0;1  ʠ ʧʦʣʦʞʠʪʝʣʴ-

ʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ Oʭ, ʨʘʚʝʥ 45̄ , ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦʤ e, ʘ ʩʘʤʘ ʧʦʢʘ-

ʟʘʪʝʣʴʥʘʷ ʬʫʥʢʮʠʷ = xʫ e ʥʘʟʳʚʘʝʪʩʷ ʵʢʩʧʦʥʝʥʪʦʡ. ɻʨʘʬʠʢ ʥʘ ʨʠʩ. 20. 

()expxy e x= = .  

ʏʠʩʣʦ e ʠʨʨʘʮʠʦʥʘʣʴʥʦʝ, 2,71828...e=  .  

 

 

 

1a>0 1< <a

()( )

()( )

;

0;

= -¤ +¤

= +¤

D f

E f

= ʭʫ ʘ

0

1

y

1 x

0

1

y

1 x

2= xy
5= xy

j
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ʈʠʩ. 20 

 

 

3. ʃʦʛʘʨʠʬʤʠʯʝʩʢʘʷ logay x=  ( )0, 1a a> ¸.  

ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ ʦʙʨʘʪʥʘʷ ʢ ʧʦʢʘʟʘʪʝʣʴʥʦʡ ʬʫʥʢʮʠʠ xy a= .  

 

 
ʈʠʩ. 21 

 

ʇʨʠ 1a>  ʬʫʥʢʮʠʷ logay x=  ʚʦʟʨʘʩʪʘʶʱʘʷ ʥʘ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ, 

ʧʨʠ 0 1a< < ï ʫʙʳʚʘʶʱʘʷ (ʨʠʩ. 21).  

ʆʧʨʝʜʝʣʝʥʠʝ. ʃʦʛʘʨʠʬʤʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʩ ʦʩʥʦʚʘʥʠʝʤ, ʨʘʚʥʳʤ ʯʠʩʣʫ 

e ʥʘʟʳʚʘʝʪʩʷ ʥʘʪʫʨʘʣʴʥʳʤ ʣʦʛʘʨʠʬʤʦʤ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ln x:  

log= ey x ʠʣʠ ln=y ʭ.  

 

 

 

1

0

y

1 x

45̄

= xʫ e

0

y

1 x

log= aʫ x

1>a

0 1< <a

()( )

()( )

0;

;

= +¤

= -¤ +¤

D f

E f
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4. ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ. 

ʌʫʥʢʮʠʠ sin=y x ʠ cos=y x ʧʝʨʠʦʜʠʯʝʩʢʠʝ. ʀʭ ʦʩʥʦʚʥʦʡ ʧʝʨʠʦʜ ʨʘ-

ʚʝʥ 0 2=ʊ p. ʌʫʥʢʮʠʷ sin=y x ʥʝʯʝʪʥʘʷ, ʘ cos=y x ʯʝʪʥʘʷ. ɻʨʘʬʠʢʠ 

ʥʘ ʨʠʩ. 22, 23. 

 

 
ʈʠʩ. 22 

 

 
ʈʠʩ. 23 

 

 
ʈʠʩ. 24 
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;
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ʈʠʩ. 25 

 

ʌʫʥʢʮʠʠ 
sin

tg
cos

= =
x

y x
x

 ʠ 
cos

ʩtg
sin

= =
x

y x
x

 ʧʝʨʠʦʜʠʯʝʩʢʠʝ. ʀʭ ʦʩʥʦʚ-

ʥʦʡ ʧʝʨʠʦʜ ʨʘʚʝʥ 0=ʊ p. ʆʙʝ ʬʫʥʢʮʠʷ ʥʝʯʝʪʥʳʝ. ɻʨʘʬʠʢʠ ʥʘ ʨʠʩ. 24, 25. 

 

5. ʆʙʨʘʪʥʳʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ 

ʘ) arcsiny x= . 

ʌʫʥʢʮʠʷ siny x=  ʥʝ ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʠʤʦʡ ʚʦ ʚʩʝʡ ʩʚʦʝʡ ʦʙʣʘʩʪʠ ʦʧʨʝ-

ʜʝʣʝʥʠʷ, ʪ.ʢ. ʢʘʞʜʦʝ ʝʝ ʟʥʘʯʝʥʠʝ ()Íy E f  ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʙʝʩʯʠʩʣʝʥʥʦʛʦ 

ʤʥʦʞʝʩʪʚʘ ʨʘʟʣʠʯʥʳʭ ʟʥʘʯʝʥʠʡ x . ɻʨʘʬʠʢ ʥʘ ʨʠʩ. 26. 

 

              
ʈʠʩ. 26                                                         ʈʠʩ. 27 

ʩtg=y x

(){ }
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;

= ¸ Í

= -¤ +¤

D f ʭ ʭ ʧ ʧ

ɽ f
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ʇʦʵʪʦʤʫ ʨʘʩʩʤʘʪʨʠʚʘʶʪ ʬʫʥʢʮʠʶ siny x=  ʥʘ ʦʪʨʝʟʢʝ ;
2 2

p pè ø
-é ù
ê ú

. 

ʅʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ ʬʫʥʢʮʠʷ siny x=  ʠʤʝʝʪ ʦʙʨʘʪʥʫʶ, ʢʦʪʦʨʘʷ ʦʙʦʟʥʘʯʘ-

ʝʪʩʷ arcsiny x= . ʕʪʘ ʬʫʥʢʮʠʷ ʥʝʯʝʪʥʘʷ. 

ʙ) arccosy x= . 

ʕʪʘ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʥʦʡ ʢ ʬʫʥʢʮʠʠ cosy x= , ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ 

ʥʘ ʤʥʦʞʝʩʪʚʝ [ ]0;p . ʆʥʘ ʦʙʱʝʛʦ ʚʠʜʘ. ɻʨʘʬʠʢ ʥʘ ʨʠʩ. 27. 

ʚ) arctgy x= . ʕʪʘ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʥʦʡ ʢ ʬʫʥʢʮʠʠ tgy x= , ʨʘʩ-

ʩʤʘʪʨʠʚʘʝʤʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ ;
2 2

å õ
-æ ö
ç ÷

p p
. ʆʥʘ ʥʝʯʝʪʥʘʷ. ɻʨʘʬʠʢ ʥʘ ʨʠʩ. 28. 

 
ʈʠʩ. 28 

 

ʛ) arcctgy x= .  

ʆʙʨʘʪʥʘʷ ʢ ʬʫʥʢʮʠʠ ctgy x=  ʥʘ ʤʥʦʞʝʩʪʚʝ ( )0;p . ʆʥʘ ʦʙʱʝʛʦ ʚʠʜʘ. 

ɻʨʘʬʠʢ ʥʘ ʨʠʩ. 29. 

 

 
ʈʠʩ. 29 
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2.4. ʇʦʥʷʪʠʝ ʵʣʝʤʝʥʪʘʨʥʦʡ ʬʫʥʢʮʠʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ɺʩʷʢʘʷ ʬʫʥʢʮʠʷ, ʢʦʪʦʨʘʷ ʤʦʞʝʪ ʙʳʪʴ ʷʚʥʳʤ ʦʙʨʘʟʦʤ ʟʘ-

ʜʘʥʘ ʩ ʧʦʤʦʱʴʶ ʦʜʥʦʡ ʬʦʨʤʫʣʳ, ʩʦʜʝʨʞʘʱʝʡ ʣʠʰʴ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʘʨʠʬ-

ʤʝʪʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʡ ʠ ʩʫʧʝʨʧʦʟʠʮʠʡ ʦʩʥʦʚʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ, 

ʥʘʟʳʚʘʝʪʩʷ ʵʣʝʤʝʥʪʘʨʥʦʡ ʬʫʥʢʮʠʝʡ.  

ʅʘʧʨʠʤʝʨ, ʬʫʥʢʮʠʠ 1 lg cosy xp= + , 
1

sin ln 1y
x

å õ
= +æ ö

ç ÷
, 

21

x x
y

x

+
=
-

 

ʷʚʣʷʶʪʩʷ ʵʣʝʤʝʥʪʘʨʥʳʤʠ.  

ʌʫʥʢʮʠʷ 
2, 0,

1 , 0

x x
y

x x

ë ²î
=ì
+ >îí

 ʥʝ ʷʚʣʷʝʪʩʷ ʵʣʝʤʝʥʪʘʨʥʦʡ, ʪ.ʢ. ʟʘʜʘʝʪʩʷ ʨʘʟ-

ʥʳʤʠ ʬʦʨʤʫʣʘʤʠ ʜʣʷ ʨʘʟʣʠʯʥʳʭ ʟʥʘʯʝʥʠʡ x .  

2.5. ʇʨʠʤʝʨʳ ʧʦʩʪʨʦʝʥʠʷ ʛʨʘʬʠʢʦʚ ʬʫʥʢʮʠʡ 

1) ɼʨʦʙʥʦ-ʣʠʥʝʡʥʘʷ ʬʫʥʢʮʠʷ 
3 1

2

x
y

x

-
=
+

. 

ʕʪʦʪ ʛʨʘʬʠʢ ʧʦ ʬʦʨʤʝ ʧʦʭʦʞ ʥʘ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ 
1

y
x
= . ʅʦ ʘʩʠʤʧʪʦʪʳ 

ʩʦʚʤʝʱʘʶʪʩʷ ʩ ʧʨʷʤʳʤʠ 3y=  ʠ 2x=- (ʨʠʩ. 30). 

ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ 
ax b

y
cx d

+
=
+

 ï ʵʪʦ ʧʨʷʤʳʝ 

d
x

c
=- ʠ 

a
y

c
= . 

 
ʈʠʩ. 30 

y

ʭ0
2-

3

3 1

2

x
y

x

-
=
+
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2) ʂʚʘʜʨʘʪʥʳʡ ʪʨʝʭʯʣʝʥ 22 5 3y x x= + -. ɻʨʘ-

ʬʠʢʦʤ ʷʚʣʷʝʪʩʷ ʧʘʨʘʙʦʣʘ (ʨʠʩ. 31).  

ɺʝʨʰʠʥʘ ʥʘʭʦʜʠʪʩʷ ʚ ʪʦʯʢʝ ʩ ʘʙʩʮʠʩʩʦʡ 

0

5
1,25

2 2 2

b
x

a
=- =- =-

Ö
.  

ʆʨʜʠʥʘʪʘ ʚʝʨʰʠʥʳ  

( ) ( ) ( )
2

0 1,25 2 1,25 5 1,25 3 6,125y y= - = - + - - =-. 

ɸʙʩʮʠʩʩʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʩ ʦʩʴʶ Oʭ ï 

ʢʦʨʥʠ ʫʨʘʚʥʝʥʠʷ 22 5 3 0x x+ - =: 1 3x =- ʠ 

2 0,5x = .  

ʆʨʜʠʥʘʪʘ ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʩ ʦʩʴʶ Oʫ 

()0 3y =-.  

 

         ʈʠʩ. 31 

2.6. ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ ʛʨʘʬʠʢʦʚ ʬʫʥʢʮʠʡ 

ʇʫʩʪʴ ʧʦʩʪʨʦʝʥ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ()y f x= . ʉ ʧʦʤʦʱʴʶ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 

ʠʟ ʵʪʦʛʦ ʛʨʘʬʠʢʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʛʨʘʬʠʢʠ ʥʝʢʦʪʦʨʳʭ ʜʨʫʛʠʭ ʬʫʥʢʮʠʡ. 

1. ()y f x B= +. ʇʘʨʘʣʣʝʣʴʥʳʡ ʧʝʨʝʥʦʩ ʚʜʦʣʴ ʦʩʠ Oʫ ʥʘ B  ʚʚʝʨʭ, ʝʩʣʠ 

0B> , ʠ ʥʘ B  ʚʥʠʟ, ʝʩʣʠ 0B< . 

2. ( )y f x b= - . ʇʘʨʘʣʣʝʣʴʥʳʡ ʧʝʨʝʥʦʩ ʚʜʦʣʴ ʦʩʠ Oʭ ʥʘ b  ʚʧʨʘʚʦ, ʝʩʣʠ 

0b> , ʠ ʥʘ b  ʚʣʝʚʦ, ʝʩʣʠ 0b< . 

3. ()y Af x= . ʈʘʩʪʷʞʝʥʠʝ ʚ A ʨʘʟ ʦʪ ʦʩʠ Oʭ ʧʨʠ 1A>  ʠ ʩʞʘʪʠʝ ʚ 
1

A
 

ʨʘʟ ʢ ʦʩʠ Oʭ ʧʨʠ 0 1A< <. 

4. ( )y f ax= . ʉʞʘʪʠʝ ʚ a ʨʘʟ ʢ ʦʩʠ Oʫ ʧʨʠ 1a>  ʠ ʨʘʩʪʷʞʝʥʠʝ ʚ 
1

a
 ʨʘʟ 

ʦʪ ʦʩʠ Oʫ ʧʨʠ 0 1a< <. 

5. ()y f x=- . ʆʪʦʙʨʘʞʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oʭ. 

6. ( )y f x= -. ʆʪʦʙʨʘʞʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oʫ. 

7. ()y f x= . ʏʘʩʪʴ ʛʨʘʬʠʢʘ ʚʳʰʝ ʦʩʠ Ox, ʦʩʪʘʝʪʩʷ ʙʝʟ ʠʟʤʝʥʝʥʠʡ, ʘ 

ʯʘʩʪʴ ʛʨʘʬʠʢʘ ʥʠʞʝ ʦʩʠ Ox, ʦʪʦʙʨʘʞʘʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʵʪʦʡ 
ʦʩʠ ʚʚʝʨʭ. 

8. ()y f x= . ʏʘʩʪʴ ʛʨʘʬʠʢʘ ʩʣʝʚʘ ʦʪ ʦʩʠ Oy, ʫʙʠʨʘʝʪʩʷ. ʏʘʩʪʴ ʛʨʘʬʠʢʘ 

ʩʧʨʘʚʘ ʦʪ ʦʩʠ Oy, ʦʩʪʘʝʪʩʷ ʙʝʟ ʠʟʤʝʥʝʥʠʡ ʠ ʦʪʦʙʨʘʞʘʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʦ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʵʪʦʡ ʦʩʠ ʚʣʝʚʦ. 

y

ʭ0

3-

0,53-

22 5 3y x x= + -
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9. ()y f x= . ʃʠʥʠ̫, ʟʘʜʘʥʥʘʷ ʵʪʠʤ ʫʨʘʚʥʝʥʠʝʤ ï ʵʪʦ ʦʙʲʝʜʠʥʝʥʠʝ ʯʘʩ-

ʪʝʡ ʛʨʘʬʠʢʦʚ ʜʚʫʭ ʬʫʥʢʮʠʡ: ()y f x=  ʠ ()y f x=- , ʨʘʩʧʦʣʦʞʝʥʥʳʭ 

ʥʘ ʫʯʘʩʪʢʘʭ ʯʠʩʣʦʚʦʡ ʦʩʠ, ʥʘ ʢʦʪʦʨʳʭ () 0f x ² . 

ʇʨʠʤʝʨ. ʇʦʢʘʞʝʤ, ʢʘʢ ʤʝʥʷʝʪʩʷ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʧʨʠ ʠʟʤʝʥʝʥʠʠ ʬʦʨ-

ʤʫʣʳ ʥʘ ʧʨʠʤʝʨʝ ʬʫʥʢʮʠʠ siny x=  (ʨʠʩ. 32ï35). 

1)  

 
ʈʠʩ. 32 

 

2)   

 
ʈʠʩ. 33 

 

3)    

 
ʈʠʩ. 34 

 

4)    

 
ʈʠʩ. 35 
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ʂʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʦʪʦʙʨʘʞʝʥʠʷ. 

2. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʝʡ? 

3. ʇʝʨʝʯʠʩʣʠʪʝ ʩʧʦʩʦʙʳ ʟʘʜʘʥʠʷ ʬʫʥʢʮʠʠ. 

4. ʂʘʢ ʥʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ? 

5. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ. 

6. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ. 

7. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʯʝʪʥʦʡ (ʥʝʯʝʪʥʦʡ) ʬʫʥʢʮʠʠ. 

8. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ. 

9. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʦʛʨʘʥʠʯʝʥʥʦʡ ʬʫʥʢʮʠʠ. 

10. ʂʘʢʠʝ ʬʫʥʢʮʠʠ ʦʪʥʦʩʷʪʩʷ ʢ ʦʩʥʦʚʥʳʤ ʵʣʝʤʝʥʪʘʨʥʳʤ? 

11. ʂʘʢʠʝ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʶʪʩʷ ʵʣʝʤʝʥʪʘʨʥʳʤʠ? 
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3. ʏʀʉʃʆɺɸʗ ʇʆʉʃɽɼʆɺɸʊɽʃʔʅʆʉʊʔ ʀ ɽɽ ʇʈɽɼɽʃ 

3.1. ʇʦʥʷʪʠʝ ʯʠʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʢʘʞʜʦʤʫ ʠʟ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ 1, 2, 3, ..., ,...n , ʩʪʘ-

ʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʧʦ ʦʧʨʝʜʝʣʝʥʥʦʤʫ ʟʘʢʦʥʫ ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ nx , ʪʦ ʙʝʩ-

ʢʦʥʝʯʥʦʝ ʤʥʦʞʝʩʪʚʦ ʟʘʥʫʤʝʨʦʚʘʥʥʳʭ ʯʠʩʝʣ 1 2, , ..., , ...nx x x  ʥʘʟʳʚʘʝʪʩʷ ʯʠ-

ʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ ʠʣʠ ʧʨʦʩʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ.  

ʏʠʩʣʘ 1 2, , ..., , ...nx x x  ʥʘʟʳʚʘʶʪʩʷ ʯʣʝʥʘʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, 

ʧʨʠ ʵʪʦʤ nx  ʥʘʟʳʚʘʝʪʩʷ ʦʙʱʠʤ ʯʣʝʥʦʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ { }nx . ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʤʦʞ-

ʥʦ ʧʨʝʜʩʪʘʚʣʷʪʴ ʢʘʢ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʬʫʥʢʮʠʠ, ʘ ʠʤʝʥʥʦ ʬʫʥʢʮʠʠ ʥʘʪʫ-

ʨʘʣʴʥʦʛʦ ʘʨʛʫʤʝʥʪʘ.  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥʘ:  

1) ʘʥʘʣʠʪʠʯʝʩʢʠ, ʪ.ʝ. ʬʦʨʤʫʣʦʡ, ʧʦ ʢʦʪʦʨʦʡ ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʙʱʠʡ ʯʣʝʥ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ nx  ʧʦ ʟʥʘʯʝʥʠʶ n ;  

2) ʨʝʢʫʨʨʝʥʪʥʦ, ʪ.ʝ. ʟʘʜʘʶʪʩʷ ʥʝʩʢʦʣʴʢʦ ʧʝʨʚʳʭ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ ʠ ʫʢʘʟʳʚʘʝʪʩʷ ʧʨʘʚʠʣʦ, ʧʦ ʢʦʪʦʨʦʤʫ ʥʘʭʦʜʠʪʩʷ ʢʘʞʜʳʡ ʯʣʝʥ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʩʪʠ ʯʝʨʝʟ ʝʤʫ ʧʨʝʜʰʝʩʪʚʫʶʱʠʝ.  

ʇʨʠʤʝʨ. ɿʘʜʘʥʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 
2

1
nx

n
=  ï ʬʦʨʤʫʣʘ ʦʙʱʝʛʦ 

ʯʣʝʥʘ, ʧʦ ʥʝʡ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʣʶʙʦʡ ʯʣʝʥ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ: 1 1x = , 

2 2

1

2
x = , 3 2

1

3
x = , é .  

ʇʨʠʤʝʨ. ɿʘʜʘʥʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx :  

1 1x = , 2 1x =-, ( )1 2

1

2
n n nx x x- -= + , 3, 4, ...n= , ( )3

1
1 1 0

2
x = - =, 

( )4

1
0 1

2
x = - , 5

1 1 1
0

2 2 4
x

å õ
= - =-æ ö
ç ÷

, 6

1 1 1 3

2 4 2 8
x

å õ
= - - =-æ ö
ç ÷

.  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʠʤʝʝʪ ʥʘʯʘʣʴʥʳʝ ʯʣʝʥʳ  

1 1 3
1, 1, 0, , , , ...

2 4 8
- - - -  .  

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx  ʥʘʟʳʚʘʝʪʩʷ ʥʝʚʦʟʨʘʩʪʘʶʱʝʡ, 

ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

1n nx x +² ,  

ʠ ʥʝʫʙʳʚʘʶʱʝʡ, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪ-

ʚʦ  

1n nx x +¢ .  

ʅʝʚʦʟʨʘʩʪʘʶʱʠʝ ʠ ʥʝʫʙʳʚʘʶʱʠʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʘʟʳʚʘʶʪʩʷ ʤʦ-

ʥʦʪʦʥʥʳʤʠ.  
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ʆʧʨʝʜʝʣʝʥʠʝ. ʏʠʩʣʦʚʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx  ʥʘʟʳʚʘʝʪʩʷ: ʦʛʨʘʥʠ-

ʯʝʥʥʦʡ ʩʥʠʟʫ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʯʠʩʣʦ M , ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴ-

ʥʦʛʦ n  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

nx M² ,  

ʠ ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʚʝʨʭʫ, ʝʩʣʠ ʜʣʷ " Ín   

nx M¢ .  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ, ʦʛʨʘʥʠʯʝʥʥʘʷ ʠ ʩʥʠʟʫ ʠ ʩʚʝʨʭʫ, ʥʘʟʳʚʘʝʪʩʷ ʦʛʨʘ-

ʥʠʯʝʥʥʦʡ.  

ʅʘʧʨʠʤʝʨ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 
2

1
nx

n
=  ʦʛʨʘʥʠʯʝʥʘ, ʪ.ʢ. ʜʣʷ ʚʩʝʭ 

ʝʝ ʯʣʝʥʦʚ ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 0 2nx< <, ʪ.ʝ.  

2

1
0 2, n

n
< < " Í.  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 2
nx n=  ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʥʠʟʫ, ʪ.ʢ. 

0nx >  ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n .  

ʆʧʨʝʜʝʣʝʥʠʝ. ɹʫʜʝʤ ʥʘʟʳʚʘʪʴ ʛʨʘʬʠʢʦʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }nx  

ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ʧʣʦʩʢʦʩʪʠ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ ( ); nn x , ʩʦʝʜʠʥʝʥʥʳʭ ʣʦʤʘʥʦʡ 

ʣʠʥʠʝʡ.  

ʇʨʠʤʝʨ. ʇʦʩʪʨʦʠʤ ʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }nx , 
5

nx
n
=  (ʨʠʩ. 37).  

 
ʈʠʩ. 37 

 

3.2. ʇʦʥʷʪʠʝ ʧʨʝʜʝʣʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ:  

1) { }, 2n na a n= ; 2) {} ( ), 1
n

n nb b = - ; 3) { }
2

,n n

n
c c

n

+
= .  

nx

n0 1 2 3 4 5 6 7 8

1

2

3

4

5
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1) ʇʨʠ ʫʚʝʣʠʯʝʥʠʠ n  ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }na  ʥʝʦʛʨʘʥʠʯʝʥʥʦ 

ʚʦʟʨʘʩʪʘʶʪ (ʨʠʩ. 38). 

 

 

 

 

 

 

 

 

 

 

 

 

                     ʈʠʩ. 38                                                    ʈʠʩ. 39 

 

2) ʇʨʠ ʫʚʝʣʠʯʝʥʠʠ n  ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ { }nb  ʢʦʣʝʙʣʶʪʩʷ ʤʝʞʜʫ ï1 ʠ 1 (ʨʠʩ. 39). 

 

3) ʇʨʠ ʫʚʝʣʠʯʝʥʠʠ n  ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ { }nc  ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʧʨʠʙʣʠʞʘʶʪʩʷ ʢ 1 

(ʨʠʩ. 40).  

ʇʨʦ ʪʘʢʠʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, ʢʘʢ { }nc , ʛʦ-

ʚʦʨʷʪ, ʯʪʦ ʦʥʠ ʠʤʝʶʪ ʧʨʝʜʝʣ ʠʣʠ ʩʭʦʜʷʪʩʷ, ʘ 

ʯʠʩʣʦ, ʢ ʢʦʪʦʨʦʤʫ ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʧʨʠʙʣʠʞʘʶʪʩʷ 

ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ (ʚ ʧʨʠʤʝʨʝ 3 ʵʪʦ ʯʠʩ-

ʣʦ 1), ʥʘʟʳʚʘʶʪ ʧʨʝʜʝʣʦʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.  

       ʈʠʩ. 40 

 

ʋʪʦʯʥʠʤ ʧʦʥʷʪʠʝ ʩʭʦʜʷʱʝʡʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ. ʈʘʩʩʤʦʪʨʠʤ ʥʝʢʦ-

ʪʦʨʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ, ʯʣʝʥʳ ʢʦʪʦʨʦʡ ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ n  ʥʝʦʛʨʘʥʠ-

ʯʝʥʥʦ ʧʨʠʙʣʠʞʘʶʪʩʷ ʢ ʯʠʩʣʫ b, ʠʟʦʙʨʘʟʠʤ ɻʨʘʬʠʢ ʪʘʢʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ (ʨʠʩ. 41).  

ʉʬʦʨʤʫʣʠʨʫʝʤ ʙʦʣʝʝ ʩʪʨʦʛʦ, ʯʪʦ ʟʥʘʯʠʪ çʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʧʨʠʙʣʠʞʘʶʪʩʷ ʢ b ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ nè. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, ʥʘʯʠʥʘʷ 

ʩ ʥʝʢʦʪʦʨʦʛʦ ʟʚʝʥʘ ʣʦʤʘʥʦʡ ʣʠʥʠʠ, ʙʫʜʝʪ ʥʘʭʦʜʠʪʴʩʷ ʚʥʫʪʨʠ ʧʦʣʦʩʳ ʰʠ-

ʨʠʥʦʡ 2e, ʦʢʨʫʞʘʶʱʝʡ ʧʨʷʤʫʶ y b= .  

 

0 1 2 3 4 n

2

4

6

8

0 1 2 3 4 n

1-

1

0 1 2 3 4 n

2

3

1
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ʈʠʩ. 41 

 

ʆʧʠʰʝʤ ʬʦʨʤʫʣʦʡ ʪʦʪ ʬʘʢʪ, ʯʪʦ ʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʘʭʦʜʠʪʩʷ 

ʚʥʫʪʨʠ ʧʦʣʦʩʳ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ, ʥʘʯʠʥʘʷ ʩ ʥʝʢʦʪʦʨʦʛʦ ʥʦʤʝʨʘ N  

ʜʣʷ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }nx  ʚʳʧʦʣʥʷʶʪʩʷ ʥʝʨʘʚʝʥʩʪʚʘ  

n n nb x b x b x be e e e e- < < + Ú- < - < Ú - <.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʠʤʝʝʤ ʜʚʘ ʨʘʚʥʦʩʠʣʴʥʳʭ ʫʩʣʦʚʠʷ: çʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʦʩʪʠ { }nx , ʥʘʯʠʥʘʷ ʩ ʥʝʢʦʪʦʨʦʛʦ ʟʚʝʥʘ, ʩʦʜʝʨʞʠʪʩʷ ʚʥʫʪʨʠ ʧʦʣʦʩʳ 

ʰʠʨʠʥʦʡ 2eè; çʥʘʡʜʝʪʩʷ ʪʘʢʦʝ ʟʥʘʯʝʥʠʝ N, ʯʪʦ ʚʩʝ ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ { }nx  ʩ ʥʦʤʝʨʘʤʠ n, ʙʦʣʴʰʠʤʠ ʯʝʤ N, ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʫ 

nx b e- <è.  

ʊʝʧʝʨʴ ʜʘʜʠʤ ʩʪʨʦʛʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʏʠʩʣʦ b ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝʣʦʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }nx  

( )lim n
n

b x
¤

= , ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ( )0e>  ʥʘʡʜʝʪʩʷ 

ʪʘʢʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ ÍN , ʯʪʦ ʜʣʷ ʚʩʝʭ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, 

ʠʤʝʶʱʠʭ ʥʦʤʝʨ ʙʦʣʴʰʝ, ʯʝʤ N  ( )n N> , ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

nx b e- <.  

ʂʨʘʪʢʘʷ ʟʘʧʠʩʴ ʵʪʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ:  

lim 0
¤

= Ú" > $ " > - <n n
n

x b N n N x be e.  

3.3. ʇʨʠʤʝʨʳ ʩʭʦʜʷʱʠʭʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ 

ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 
2

1
n

n
x

n
=
+
. ʇʦʩʪʨʦʠʤ 

ʛʨʘʬʠʢ ʵʪʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ (ʨʠʩ. 42).  
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ʈʠʩ. 42 

 

ʅʘ ʛʨʘʬʠʢʝ ʚʠʜʠʤ, ʯʪʦ ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʧʨʠ-

ʙʣʠʞʘʶʪʩʷ ʢ ʯʠʩʣʫ 2. ʊʝʧʝʨʴ ʜʦʢʘʞʝʤ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʵʪʦʡ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʩʪʠ, ʨʘʚʥʳʡ ʯʠʩʣʫ 2.  

ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʝʜʝʣʘ ʥʝʦʙʭʦʜʠʤʦ ʜʣʷ ʣʶʙʦʛʦ ʧʦ-

ʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ʫʢʘʟʘʪʴ ʢʦʥʢʨʝʪʥʦ ʯʠʩʣʦ N  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʚʩʝʭ 

ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ { }nx , ʠʤʝʶʱʠʭ ʥʦʤʝʨ n  ʙʦʣʴʰʝ N, ʚʳʧʦʣʥʷ-

ʝʪʩʷ ʪʨʝʙʫʝʤʦʝ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʥʝʨʘʚʝʥʩʪʚʦ, ʪ.ʝ. ʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ-

ʩʪʠ ʧʦʧʘʜʘʝʪ ʚʥʫʪʨʴ ʧʦʣʦʩʳ ʰʠʨʠʥʦʡ 2e, ʩʝʨʝʜʠʥʦʡ ʢʦʪʦʨʦʡ ʷʚʣʷʝʪʩʷ 

ʧʨʷʤʘʷ 2y= .  

ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ e, ʜʣʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ 
ʧʨʝʜʝʣʘ, ʨʘʚʥʦʛʦ ʯʠʩʣʫ 2, ʥʝʦʙʭʦʜʠʤʦ ʚʳʧʦʣʥʝʥʠʝ ʥʝʨʘʚʝʥʩʪʚʘ  

2nx e- <.  

ʅʘʡʜʝʤ, ʜʣʷ ʢʘʢʠʭ ʟʥʘʯʝʥʠʡ n  ʦʥʦ ʚʳʧʦʣʥʷʝʪʩʷ. ɺʳʧʠʰʝʤ ʨʷʜ ʨʘʚʥʦ-

ʩʠʣʴʥʳʭ ʥʝʨʘʚʝʥʩʪʚ:  

2 2 2 2 2
2 2

1 1 1
n

n n n
x

n n n
e e e e

- - -
- < Ú - < Ú < Ú < Ú

+ + +
 

2 2 2
1 1

1
n n

n
e

e e
Ú < Ú + > Ú > -

+
.  

ɽʩʣʠ 
2

1 0- <
e

, ʪʦ ʚʦʟʴʤʝʤ 1=N . ʀʥʘʯʝ, 
2

1 1
è ø
= - +é ù
ê ú

N
e

 ([]ʘ ï ʮʝʣʘʷ 

ʯʘʩʪʴ ʯʠʩʣʘ ʘ). ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʥʘʰʣʠ ʯʠʩʣʦ N  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʚʩʝʭ ʯʣʝʥʦʚ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, ʠʤʝʶʱʠʭ ʥʦʤʝʨ >n N, ʚʳʧʦʣʥʷʝʪʩʷ ʪʨʝʙʫʝʤʦʝ ʥʝʨʘ-

ʚʝʥʩʪʚʦ, ʘ ʟʥʘʯʠʪ, ʩʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʧʨʝʜʝʣ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

2

1

ë û
ì ü
+í ý

n

n
, ʨʘʚʝʥ 2.  

ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 2 n
nx -= , ʧʦʢʘʞʝʤ, ʯʪʦ 

lim 2 0n

n

-

¤
= .  

nx
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ʈʠʩ. 43 

 

ʅʘ ʛʨʘʬʠʢʝ (ʨʠʩ. 43) ʚʠʜʥʦ, ʯʪʦ ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʝʦʛʨʘʥʠ-

ʯʝʥʥʦ ʧʨʠʙʣʠʞʘʶʪʩʷ ʢ ʥʫʣʶ. ɼʘʜʠʤ ʩʪʨʦʛʦʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʩʫʱʝʩʪʚʦʚʘ-

ʥʠʷ ʜʘʥʥʦʛʦ ʧʨʝʜʝʣʘ.  

ɿʘʜʘʜʠʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ e ʠ ʥʘʡʜʝʤ ʢʦʥʢʨʝʪʥʦʝ 

ʯʠʩʣʦ N  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʚʩʝʭ nx , ʠʤʝʶʱʠʭ ʥʦʤʝʨ n  ʙʦʣʴʰʝ N, ʚʳʧʦʣʥʷ-

ʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 0nx e- <. ʇʦʣʫʯʠʤ:  

2 22 0 2 log 2 logn n ne e e- - -- < Ú < Ú < Ú 

2 2 2

1
log log logn n ne e

e
Ú- < Ú >- Ú > .  

ɽʩʣʠ 2
1

log 0<
e

, ʪʦ ʚʦʟʴʤʝʤ 1=N . ʀʥʘʯʝ, 2

1
log 1
è ø
= +é ù
ê ú

N
e

 ([]ʘ ï ʮʝʣʘʷ 

ʯʘʩʪʴ ʯʠʩʣʘ ʘ). ʅʘʡʜʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʠ ʝʩʪʴ ʥʫʞʥʦʝ ʥʘʤ N, ʪ.ʝ.2
1

logN
e

= . 

ɼʣʷ ʚʩʝʭ n N>  ʚʳʧʦʣʥʷʝʪʩʷ ʪʨʝʙʫʝʤʦʝ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʧʨʝʜʝʣʘ ʥʝʨʘʚʝʥʩʪ-

ʚʦ, ʟʥʘʯʠʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 2 n
nx -=  ʠʤʝʝʪ ʧʨʝʜʝʣ, ʨʘʚʥʳʡ ʥʫʣʶ.  

3.4. ʊʝʦʨʝʤʘ ɺʝʡʝʨʰʪʨʘʩʩʘ 

ʊʝʦʨʝʤʘ. ɽʩʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ ʠ ʦʛʨʘʥʠ-

ʯʝʥʥʦʡ, ʦʥʘ ʠʤʝʝʪ ʧʨʝʜʝʣ.  

ʕʪʫ ʪʝʦʨʝʤʫ ʤʳ ʧʨʠʤʝʤ ʙʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ, ʟʘʤʝʪʠʚ ʣʠʰʴ, ʯʪʦ ʦʥʘ ʷʚ-

ʣʷʝʪʩʷ ʦʜʥʠʤ ʠʟ ʧʨʠʟʥʘʢʦʚ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʝʜʝʣʘ. ɺ ʥʝʡ ʫʢʘʟʳʚʘʶʪʩʷ ʫʩ-

ʣʦʚʠʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʝʜʝʣʘ, ʥʦ ʥʝ ʜʘʝʪʩʷ ʤʝʪʦʜ ʝʛʦ ʚʳʯʠʩʣʝʥʠʷ.  

ʈʘʩʩʤʦʪʨʠʤ ʥʘ ʧʨʠʤʝʨʝ ʧʨʠʤʝʥʝʥʠʝ ʵʪʦʡ ʪʝʦʨʝʤʳ ʢ ʜʦʢʘʟʘʪʝʣʴʩʪʚʫ 

ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʝʜʝʣʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.  

ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { }nx , 
2

!

n

nx
n
= . ɼʦʢʘʞʝʤ, ʯʪʦ 

ʵʪʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʠʤʝʝʪ ʧʨʝʜʝʣ.  

10 2 3 4 5

1

1 2

y

x



29 

ʈʝʰʝʥʠʝ. 1) ʇʨʦʚʝʨʠʤ, ʯʪʦ ʦʥʘ ʤʦʥʦʪʦʥʥʘ. ɼʣʷ ʵʪʦʛʦ ʩʨʘʚʥʠʤ ʟʥʘʯʝʥʠʷ 

ʜʚʫʭ ʩʦʩʝʜʥʠʭ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ nx  ʠ 1nx +, ʫʩʪʘʥʦʚʠʚ ʟʥʘʢ ʠʭ 

ʨʘʟʥʦʩʪʠ.  

( )

1

1

2 2
,

! 1 !

n n

n nx x
n n

+

+= =
+

,  

( )

1

1

2 2 2 2 2 1 2
1

! 1 ! ! 1 ! 1

n n n n

n n

n
x x

n n n n n n

+

+

+ -å õ
- = = = - = Ö =æ ö

+ + +ç ÷
 

( )
( )

2 1
0

! 1

n n

n n

-
= ²

+
  ʧʨʠ ʚʩʝʭ 1, 2, 3, ...n=  .  

ɿʥʘʯʠʪ, ʧʨʠ ʣʶʙʦʤ ʟʥʘʯʝʥʠʠ n   1 0n nx x +- ², ʪ.ʝ. 1n nx x +² . ʕʪʘ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʥʝʚʦʟʨʘʩʪʘʶʱʝʡ.  

2) ʇʨʦʚʝʨʠʤ, ʯʪʦ ʵʪʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʦʛʨʘʥʠʯʝʥʘ. ɺʩʝ ʯʣʝʥʳ ʵʪʦʡ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʧʦʣʦʞʠʪʝʣʴʥʳ, ʟʥʘʯʠʪ 0nx >  ʧʨʠ ʚʩʝʭ 1, 2, 3, ...n=  . 

ʇʝʨʚʳʡ ʯʣʝʥ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 1x  ʨʘʚʝʥ ʯʠʩʣʫ 2. ʊ.ʢ. ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʴ ʥʝʚʦʟʨʘʩʪʘʶʱʘʷ, ʚʳʧʦʣʥʷʶʪʩʷ ʥʝʨʘʚʝʥʩʪʚʘ  

1 2 3 ... ...nx x x x² ² ² ² ² .  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 1 2nx x¢ = ʜʣʷ ʣʶʙʦʛʦ 1, 2, 3, ...n=  . ʇʦʣʫʯʠʣʠ 0 2nx< ¢ 

ʜʣʷ ʣʶʙʦʛʦ 1, 2, 3, ...n=  . ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʦʛʨʘʥʠʯʝʥʘ ʠ ʩʥʠʟʫ, ʠ ʩʚʝʨ-

ʭʫ, ʟʥʘʯʠʪ ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʠ ʧʦ ʪʝʦʨʝʤʝ ɺʝʡʝʨʰʪʨʘʩʩʘ ʠʤʝʝʪ ʧʨʝ-

ʜʝʣ.  

ʂʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ 

1. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ? 

2. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝʣʦʤ ʯʠʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ? 

3. ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨʳ ʩʭʦʜʷʱʠʭʩʷ ʯʠʩʣʦʚʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ. 

4. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʪʝʦʨʝʤʫ ɺʝʡʝʨʰʪʨʘʩʩʘ. 
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4. ʇʈɽɼɽʃ ʌʋʅʂʎʀʀ 

4.1. ʆʢʨʝʩʪʥʦʩʪʴ ʪʦʯʢʠ ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ 

ɺ ʜʘʣʴʥʝʡʰʝʤ ʩʠʤʚʦʣʦʤ çwè ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʣʠʙʦ ʪʦʯʢʫ 0x , ʣʠʙʦ  

ç+¤è, ʣʠʙʦ ç-¤è, ʣʠʙʦ ç¤è.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʆʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 0x  ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ ʙʫʜʝʤ ʥʘʟʳ-

ʚʘʪʴ ʣʶʙʦʡ ʠʥʪʝʨʚʘʣ, ʩʦʜʝʨʞʘʱʠʡ ʵʪʫ ʪʦʯʢʫ, ʠ ʦʙʦʟʥʘʯʘʪʴ ʝʛʦ ( )0ʆ x  

ʆʧʨʝʜʝʣʝʥʠʝ. ʆʢʨʝʩʪʥʦʩʪʴʶ ç+¤è ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʣʶʙʦʡ ʙʝʩʢʦʥʝʯ-

ʥʳʡ ʠʥʪʝʨʚʘʣ ʚʠʜʘ ( );a+¤, aÍ  ʠ ʦʙʦʟʥʘʯʘʪʴ ( )+¤ʆ   

ʆʧʨʝʜʝʣʝʥʠʝ. ʆʢʨʝʩʪʥʦʩʪʴʶ ç-¤è ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʣʶʙʦʡ ʙʝʩʢʦʥʝʯ-

ʥʳʡ ʠʥʪʝʨʚʘʣ ʚʠʜʘ ( );a-¤ , a aÍ  ʠ ʦʙʦʟʥʘʯʘʪʴ ( )-¤ʆ   

ʆʧʨʝʜʝʣʝʥʠʝ. ʆʢʨʝʩʪʥʦʩʪʴʶ ç¤è ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʦʙʲʝʜʠʥʝʥʠʝ ʜʚʫʭ 

ʣʶʙʳʭ ʦʢʨʝʩʪʥʦʩʪʝʡ ç+¤è ʠ ç-¤è ʠ ʦʙʦʟʥʘʯʘʪʴ ()¤ʆ   

ʉʠʤʚʦʣ ()ʆw  ʙʫʜʝʪ ʦʟʥʘʯʘʪʴ ʦʢʨʝʩʪʥʦʩʪʴ ʪʦʯʢʠ w, ʛʜʝ çwè ʦʟʥʘʯʘʝʪ 

ʣʠʙʦ 0x , ʣʠʙʦ ç+¤è, ʣʠʙʦ ç-¤è, ʣʠʙʦ ç¤è.  

4.2. ʆʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()f x  ʦʧʨʝʜʝʣʝʥʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ w, 

ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ ʙʳʪʴ ʤʦʞʝʪ ʩʘʤʦʡ ʪʦʯʢʠ w.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʏʠʩʣʦ b ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝʣʦʤ ʬʫʥʢʮʠʠ ()f x  

ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ w, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ʥʘʡʜʝʪ-

ʩʷ ʪʘʢʘʷ ʦʢʨʝʩʪʥʦʩʪʴ ()ʆw  ʪʦʯʢʠ ,w ʯʪʦ ʜʣʷ ʚʩʝʭ ʟʥʘʯʝʥʠʡ x  ʠʟ ʵʪʦʡ ʦʢ-

ʨʝʩʪʥʦʩʪʠ, ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ ʩʘʤʦʡ ʪʦʯʢʠ w, ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

()- <f x b e.  

ʂʨʘʪʢʘʷ ʟʘʧʠʩʴ ʦʧʨʝʜʝʣʝʥʠ ̫ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ:  

() () () ()lim 0 ,


= Ú " > $ " Í ¸ - <
x

f x b ʆ x ʆ x f x b
w

e w w w e. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ()f x  ʚ ʪʦʯʢʝ w ʦʟʥʘ-

ʯʘʝʪ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ʥʘʡʜʝʪʩʷ ʪʘʢʘʷ ʦʢʨʝʩʪʥʦʩʪʴ 

()ʆw, ʚ ʢʦʪʦʨʦʡ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ()f x  ʧʦʧʘʜʘʝʪ ʚʥʫʪʨʴ ʧʦʣʦʩʳ ʰʠʨʠʥʦʡ 

2e, ʦʢʨʫʞʘʶʱʝʡ ʧʨʷʤʫʶ y b= .  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ()f x  ʚ ʪʦʯʢʝ w ʩʚʦ-

ʜʠʪʩʷ ʢ ʥʘʭʦʞʜʝʥʠʶ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e ʪʨʝʙʫʝʤʦʡ ʚ ʦʧ-

ʨʝʜʝʣʝʥʠʠ ʦʢʨʝʩʪʥʦʩʪʠ ()ʆw .  

ʇʨʠʤʝʨ. ʇʦʢʘʞʝʤ, ʯʪʦ 
2

2

2
lim 1

x

x

x+¤

+
= .  
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ʅʘ ʛʨʘʬʠʢʝ (ʨʠʩ. 44) ʚʠʜʥʦ, ʯʪʦ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦ ʚʳʙʨʘʥʥʦʛʦ ʯʠʩʣʘ e 

ʥʘʰʣʘʩʴ ʦʢʨʝʩʪʥʦʩʪʴ ( )+¤O , ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʢʦʪʦʨʦʡ ʛʨʘʬʠʢ ʩʦʜʝʨʞʠʪʩʷ 

ʚʥʫʪʨʠ ʧʦʣʦʩʳ ʰʠʨʠʥʦʡ 2e, ʦʢʨʫʞʘʶʱʝʡ ʧʨʷʤʫʶ 1y=. ʅʘʡʜʝʤ ʵʪʫ ʦʢʨʝ-

ʩʪʥʦʩʪʴ ʘʥʘʣʠʪʠʯʝʩʢʠ. ʕʪʦ ʠ ʙʫʜʝʪ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦʤ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʜʘʥʥʦ-

ʛʦ ʧʨʝʜʝʣʘ.  

ɺʳʙʨʘʚ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ e, ʨʘʩʩʤʦʪʨʠʤ ʥʝʨʘʚʝʥʩʪ-

ʚʦ ()f x b e- <:  

2
2

2 2 2

2 2 2 2
1

x
x

x x x
e e e

e

+
- < Ú < Ú < Ú > Ý  

( )
2 2

;
å õ

Ý > Ý Í +¤ = +¤æ ö
ç ÷

x x ʆ
e e

.  

ʕʪʦ ʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ 
2

2

2
lim 1

x

x

x+¤

+
= .  

ʇʨʠʤʝʨ. ʇʦʢʘʞʝʤ, ʯʪʦ 
2

1
lim 3 2

2x
x



å õ
- =æ ö

ç ÷
.  

ɼʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ e (ʨʠʩ. 45) ʨʘʩʩʤʦʪʨʠʤ ʥʝ-

ʨʘʚʝʥʩʪʚʦ () 2f x e- < ʠ ʥʘʡʜʝʤ ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ ʵʪʦʤʫ ʥʝʨʘʚʝʥʩʪʚʫ 

ʟʥʘʯʝʥʠʷ x :  

1 1 1
3 2 1 1

2 2 2
x x xe e e

å õ
- - < Ú - < Ú - < Úæ ö

ç ÷
  

1 1
1 1 1 2 2 2 2

2 2
x x xe e e e e eÚ- < - < Ú - + < < + Ú - < < + Ú  

1- 1 2 3 4
x02-3-4-

1

1 e+

1 e-

y

( )0 +¤( )O +¤
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ʀʪʘʢ, ʤʳ ʥʘʰʣʠ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ e ʦʢʨʝʩʪʥʦʩʪʴ 

()2ʆ , ʚ ʢʦʪʦʨʦʡ ʚʳʧʦʣʥʷʝʪʩʷ ʪʨʝʙʫʝʤʦʝ ʥʝʨʘʚʝʥʩʪʚʦ, ʵʪʦ ʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʜʘʥʥʳʡ ʧʨʝʜʝʣ ʩʫʱʝʩʪʚʫʝʪ ʠ ʨʘʚʥʷʝʪʩʷ ʯʠʩʣʫ 2.  

ɿʘʤʝʯʘʥʠʝ. ɺ ʦʧʨʝʜʝʣʝʥʠʠ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ()f x  ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  

ʢ w ʚʳʧʦʣʥʝʥʠʝ ʥʝʨʘʚʝʥʩʪʚʘ ()f x b e- < ʧʨʝʜʫʩʤʦʪʨʝʥʦ ʜʣʷ ʚʩʝʭ w 

ʠʟ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ()ʆw, ʩʘʤʦ ʟʥʘʯʝʥʠʝ x, ʨʘʚʥʦʝ w, ʠʩʢʣʶʯʘʝʪʩʷ 

( )x w̧. ʇʦʵʪʦʤʫ ʟʥʘʯʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ()f x  ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ w 

ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʪʦʛʦ, ʦʧʨʝʜʝʣʝʥʘ ʣʠ ʬʫʥʢʮʠʷ ()f x  ʚ ʩʘʤʦʡ ʪʦʯʢʝ w, ʘ ʝʩʣʠ 

ʦʧʨʝʜʝʣʝʥʘ, ʪʦ ʢʘʢʦʝ ʟʥʘʯʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚ ʵʪʦʡ ʪʦʯʢʝ.  

ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ ()f x , ʟʘʜʘʥʥʫʶ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ:  

()
1

3 ʧʨʠ 2,
2

4 ʧʨʠ 2.

x x
f x

x

ë
- ¸î

=ì
î =í

  

ʇʦʩʪʨʦʠʤ ʛʨʘʬʠʢ ʵʪʦʡ ʬʫʥʢʮʠʠ (ʨʠʩ. 46).  

ʇʨʝʜʝʣ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ()f x  ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ 2 ʨʘʚʝʥ ʯʠʩʣʫ 2, ʪ.ʢ. 

ʚʩʝ ʪʦʯʢʠ ʛʨʘʬʠʢʘ ʠʟ ʦʢʨʝʩʪʥʦʩʪʠ ()2ʆ , ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ ʩʘʤʦʡ ʪʦʯʢʠ 

2x= , ʧʦʧʘʜʘʶʪ ʚʥʫʪʨʴ ʧʦʣʦʩʳ ʰʠʨʠʥʦʡ 2e, ʦʢʨʫʞʘʶʱʝʡ ʧʨʷʤʫʶ 2y= .  

ʕʪʦ ʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ. ʊʘʢʠʤ ʦʙ-

ʨʘʟʦʤ, ʠʟʤʝʥʝʥʠʝ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʩʘʤʦʡ ʪʦʯʢʝ 2x=  ʥʝ ʧʦʚʣʠʷʣʦ 

ʥʘ ʟʥʘʯʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ.  

 

2

y

x6

2

3

0

()0 2

2e
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4.3. ʆʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʬʫʥʢʮʠʠ, ʠʤʝʶʱʝʡ ʧʨʝʜʝʣ 

1. ɽʜʠʥʩʪʚʝʥʥʦʩʪʴ ʧʨʝʜʝʣʘ. ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʠʤʝʝʪ ʧʨʝʜʝʣ 

ʧʨʠ x w , ʪʦ ʵʪʦʪ ʧʨʝʜʝʣ ʝʜʠʥʩʪʚʝʥʥʳʡ.  

2. ʆʛʨʘʥʠʯʝʥʥʦʩʪʴ ʬʫʥʢʮʠʠ, ʠʤʝʶʱʝʡ ʧʨʝʜʝʣ. ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  

ʠʤʝʝʪ ʧʨʝʜʝʣ ʧʨʠ x w , ʪʦ ʦʥʘ ʦʛʨʘʥʠʯʝʥʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ w.  

() () ()lim ,
x

f x b O f x
w

w


= Ý $   ʦʛʨʘʥʠʯʝʥʘ ʚ  ()ʆw .  

3. ʇʫʩʪʴ ʬʫʥʢʮʠʠ ()1f x  ʠ ()2f x  ʠʤʝʶʪ ʧʨʠ x w  ʧʨʝʜʝʣʳ 1b  ʠ 2b  ʩʦ-

ʦʪʚʝʪʩʪʚʝʥʥʦ. ʊʦʛʜʘ:  

1) ʩʫʝɦʩʪʚʫʝʪ ʧʨʝʜʝʣ ʠʭ ʩʫʤʤʳ (ʨʘʟʥʦʩʪʠ) ʠ 

() ()( )1 2 1 2lim


° = °
x

f x f x b b
w

;  

2) ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʷ ʠ () ()( )1 2 1 2lim


Ö = Ö
x

f x f x b b
w

;  

3) ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʠʭ ʯʘʩʪʥʦʛʦ, ʝʩʣʠ 2 0b ¸  ʠ 
()
()

1 1

2 2

lim
x

f x b

f x bw
= .  

4. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()f x  ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ()ʆw  ʪʦʯʢʠ w ʥʝʦʪ-

ʨʠʮʘʪʝʣʴʥʘ ʠ ʧʫʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ()lim
x

f x b
w

= . ʊʦʛʜʘ ʠ ʧʨʝʜʝʣ b  ʷʚʣʷʝʪʩʷ 

ʯʠʩʣʦʤ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤ.  

() ()( ) () (), 0, lim 0


$ " Í ¸ ² $ = Ý ²
x

ʆ x ʆ x f x f x b b
w

w w w .  

5. ʉʞʘʪʘ ̫ʬʫʥʢʮʠ.̫ ʇʫʩʪʴ ʬʫʥʢʮʠʠ ()f x , ()g x , ()h x  ʦʧʨʝʜʝʣʝʥʳ ʚ ʥʝ-

ʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ w (ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ, ʙʳʪʴ ʤʦʞʝʪ, ʩʘʤʦʡ ʪʦʯʢʠ 

w) ʠ ʚ ʵʪʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʫ  

() () ()g x f x h x¢ ¢ , 

2

y

x6

2

3

0

()0 2

2e

4

()2O
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ʧʨʠ ʵʪʦʤ ʬʫʥʢʮʠʠ ()g x  ʠ ()h x  ʠʤʝʶʪ ʧʨʝʜʝʣ ʧʨʠ x w , ʨʘʚʥʳʡ ʦʜʥʦʤʫ 

ʠ ʪʦʤʫ ʞʝ ʯʠʩʣʫ b. ʊʦʛʜʘ ʬʫʥʢʮʠʷ ()f x  ʠʤʝʝʪ ʧʨʝʜʝʣ, ʨʘʚʥʳʡ ʵʪʦʤʫ ʞʝ 

ʯʠʩʣʫ.  

() () () () ()lim , lim ,
x x

g x b h x b g x f x h x
w w 

$ = $ = ¢ ¢  

()( ) ()lim


" Í ¸ Ú $ =
x

x ʆ x f x b
w

w w .  
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4.4. ɹʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()f x  ʥʘʟʳʚʘʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ ʩʪʨʝʤ-

ʣʝʥʠʠ x  ʢ w, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ()f x  ʧʨʠ x w , ʨʘʚʥʳʡ ʥʫʣʶ.  

() ()ʙ.ʤ. ʧʨʠ lim 0
x

f x x f x
w

w


-  Ú =.  

ʕʪʦ ʦʟʥʘʯʘʝʪ:  

() () ()0 , ," > $ " Í ¸ <ʆ ʭ ʆ x f xe w w w e.  

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ 3y x=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ 0x .  

ɿʘʜʘʜʠʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ e (ʨʠʩ. 48) ʠ ʥʘʡʜʝʤ ʦʢʨʝ-

ʩʪʥʦʩʪʴ ʪʦʯʢʠ 0=w , ʚ ʢʦʪʦʨʦʡ ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ ()<f x e.  

ʀʤʝʝʤ ʨʷʜ ʨʘʚʥʦʩʠʣʴʥʳʭ ʥʝʨʘʚʝʥʩʪʚ:  

() 3 3 3 3f x x x xe e e e e< Ú < Ú < Ú - < < Ú 

( ) ()3 3, 0Í - =x ʆe e .  

ɼʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ 0e>  ʥʘʰʣʠ ʪʨʝʙʫʝʤʫʶ ʦʢʨʝʩʪʥʦʩʪʴ ʪʦʯʢʠ 0x= , 

()( )3 30 ,= -ʆ e e, ʵʪʦ ʠ ʜʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʬʫʥʢʮʠʷ 3y x=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦ-

ʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ 0x .  

()y h x=

b

y

x

()y g x=

()y f x=
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ɿʘʤʝʯʘʥʠʝ. ɻʦʚʦʨʠʪʴ ʦ ʪʦʤ, ʯʪʦ ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ 

ʤʘʣʦʡ, ʠʤʝʝʪ ʩʤʳʩʣ, ʣʠʰʴ ʫʢʘʟʘʚ, ʢʘʢ ʧʨʠ ʵʪʦʤ ʠʟʤʝʥʷʝʪʩʷ ʝʝ ʘʨʛʫʤʝʥʪ.  

ʊʘʢ, ʥʘʧʨʠʤʝʨ, ʬʫʥʢʮʠʷ 3y x=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ 0x ; 

ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʚʦʟʨʘʩʪʘʝʪ ʧʨʠ x+¤; ʠʤʝʝʪ ʧʨʝʜʝʣ ʨʘʚʥʳʡ 1 ʧʨʠ 1x , 

ʘ ʟʥʘʯʠʪ ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 1x= .  

ʆʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ 

1. ʇʫʩʪʴ ʬʫʥʢʮʠʠ ()xa  ʠ ()xb  ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ ʧʨʠ 

x w . ʊʦʛʜʘ ʠʭ ʩʫʤʤʘ ʪʦʞʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ʬʫʥʢʮʠʷ ʧʨʠ x w .  

() ()ʙ.ʤ. ʧʨʠ  , ʙ.ʤ. ʧʨʠ  x x x xa w b w-  -  Ý  

() ()ʙ.ʤ.  ʧʨʠ  x x xa b w+ - .  

2. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()xa  ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ʧʨʠ x w , ʘ ()f x  ʦʛʨʘʥʠ-

ʯʝʥʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ w. ʊʦʛʜʘ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝ () ()x f xa Ö  

ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ʧʨʠ x w .  

ʇʨʠʤʝʨ. ʅʘʡʪʠ 
sin

lim
x

x

x¤
.  

ʈʝʰʝʥʠʝ. ɿʘʤʝʪʠʤ, ʯʪʦ ʬʫʥʢʮʠʷ siny x=  ʧʨʠ x¤ ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ, 

ʝʝ ʟʥʘʯʝʥʠʷ ʩ ʧʝʨʠʦʜʠʯʥʦʩʪʴʶ 2p ʠʟʤʝʥʷʶʪʩʷ ʦʪ 1- ʜʦ 1+. ʅʦ ʵʪʘ ʬʫʥʢ-

ʮʠʷ ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ:  

( )sin 1 ;x x¢ " Í -¤¤.  

ʌʫʥʢʮʠʷ 
1

y
x
=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ x¤, ʪ.ʢ. ʜʣʷ ʣʶʙʦʛʦ 

0e>  ʠʤʝʝʤ:  

1 1 1 1
,x x x

x
e

e e e
< Ú > Ý > <- Ú  

y

x

e

e-

3e- 3e

()0ʆ

ʈʠʩ. 48 
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()
1 1

; ;
å õ å õ
Í -¤ - ¤ = ¤æ ö æ ö
ç ÷ ç ÷

x ʆ
e e

, ʪ.ʝ. ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ 0e>  ʤʳ ʥʘʰʣʠ ʦʢ-

ʨʝʩʪʥʦʩʪʴ ʙʝʩʢʦʥʝʯʥʦ ʫʜʘʣʝʥʥʦʡ ʪʦʯʢʠ, ʚ ʢʦʪʦʨʦʡ 
1

x
e< , ʟʥʘʯʠʪ 

1
lim 0.
x x¤

=  

ʇʦʵʪʦʤʫ 
sin 1

sin
x

x
x x
= Ö  ï ʧʨʦʠʟʚʝʜʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ 

1

x
 ʧʨʠ x¤ 

ʥʘ ʦʛʨʘʥʠʯʝʥʥʫʶ ʬʫʥʢʮʠʶ sinx  ʧʦ ʩʚʦʡʩʪʚʫ 2 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ 

ʧʨʠ x¤, ʪ.ʝ. 
sin

lim 0
x

x

x¤
= .  

4.5. ɹʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʠʝ ʬʫʥʢʮʠʠ, 

ʠʭ ʩʚʷʟʴ ʩ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()f x  ʥʘʟʳʚʘʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ 

ʧʨʠ x w , ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ M  ʥʘʡʜʝʪʩʷ ʦʢʨʝʩʪ-

ʥʦʩʪʴ ()ʆw  ʪʘʢʘʷ, ʯʪʦ ʜʣʷ ʚʩʝʭ x  ʠʟ ʵʪʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ( )x w̧  ʚʳʧʦʣʥʷʝʪ-

ʩʷ ʥʝʨʘʚʝʥʩʪʚʦ ()f x M> .  

ʊʦʪ ʬʘʢʪ, ʯʪʦ ()f x  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x w , ʟʘʧʠʩʳ-

ʚʘʝʪʩʷ ʪʘʢ:  

()lim
x

f x
w

=¤.  

ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʩʣʝʜʫʝʪ ʧʦʥʠʤʘʪʴ ʢʘʢ ʦʙʦʟʥʘʯʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ 

ʬʫʥʢʮʠʠ ʧʨʠ x w .  

ʇʨʠʤʝʨ. ʇʦʢʘʞʝʤ, ʯʪʦ ʬʫʥʢʮʠʷ 2xy=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ 

ʧʨʠ x+¤.  

 
ʈʠʩ. 49 

 

ʅʘ ʛʨʘʬʠʢʝ (ʨʠʩ. 49) ʚʠʜʥʦ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʪʨʝʙʫʝʤʦʡ ʚ ʦʧʨʝʜʝʣʝʥʠʠ 

ʦʢʨʝʩʪʥʦʩʪʠ ( )+¤ʆ , ʥʘʡʜʝʥʥʦʡ ʜʣʷ ʯʠʩʣʘ M . ʅʘʡʜʝʤ ʝʝ ʘʥʘʣʠʪʠʯʝʩʢʠ.  

ɺʳʙʝʨʝʤ ʧʨʦʠʟʚʦʣʴʥʦ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ M , ʥʘʡʜʝʤ, ʜʣʷ ʢʘʢʠʭ x  

ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ ()f x M> :  

2log M

x

y

M

1

e
2log e

( )0 -¤ ( )0 +¤( )-¤ʆ ( )+¤ʆ
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22 2 logx xM M x M> Ú > Ú > Ú  

( ) ( )2log ;Í +¤ = +¤x M ʆ .  

ʅʘʰʣʠ ʦʢʨʝʩʪʥʦʩʪʴ ( )( )2log ;+¤ = +¤ʆ M , ʚ ʢʦʪʦʨʦʡ ʜʣʷ ʚʩʝʭ x  ʚr -

ʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 2x M> , ʵʪʦ ʠ ʜʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʬʫʥʢʮʠʷ 2xy=  ʚ̫-

ʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x+¤, ʪ.ʝ. lim 2x

x+¤
=¤.  

ɿʘʤʝʪʠʤ, ʯʪʦ ʧʨʠ x-¤ ʬʫʥʢʮʠʷ 2xy=  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ. 

ɺʳʙʝʨʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ 0e> , ʥʘʡʜʝʤ ʦʢʨʝʩʪʥʦʩʪʴ ( )-¤ʆ , ʚ ʢʦʪʦʨʦʡ 

()f x e< :  

( )2 22 2 log ;logx x x xe e e e< Ú < Ú < Ú Í -¤ ,  

ʪ.ʝ. ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ 0e>  ʥʘʰʣʠ ʦʢʨʝʩʪʥʦʩʪʴ ( )( )2;log-¤ = -¤ʆ e, 

ʚ ʢʦʪʦʨʦʡ 2x e< , ʟʥʘʯʠʪ 2x
 ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ʧʨʠ x-¤, ʪ.ʝ. 

lim 2 0x

x-¤
= .  

ɿʘʤʝʯʘʥʠʝ 1. ʉʣʝʜʫʝʪ ʨʘʟʣʠʯʘʪʴ ʧʦʥʷʪʠʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʬʫʥʢʮʠʠ 

ʠ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ ʬʫʥʢʮʠʠ.  

ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ () sinf x x x= . ɻʨʘʬʠʢ ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩ. 50. 

 
ʈʠʩ. 50 

 

ʇʨʠ x¤ ʵʪʘ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ, ʥʦ ʥʝ ʷʚʣʷʝʪʩʷ ʙʝʩ-

ʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ.  

ɿʘʤʝʯʘʥʠʝ 2. ʌʫʥʢʮʠʶ ()f x  ʥʘʟʳʚʘʶʪ ʧʦʣʦʞʠʪʝʣʴʥʦʡ (ʦʪʨʠʮʘʪʝʣʴ-

ʥʦʡ) ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x w , ʝʩʣʠ ʦʥʘ ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴ-

ʰʦʡ ʧʨʠ x w  ʠ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ w ʧʦʣʦʞʠʪʝʣʴʥʘ (ʦʪʨʠ-

ʮʘʪʝʣʴʥʘ). ʆʙʦʟʥʘʯʘʶʪ:  

() ()lim
x

f x f x
w

=+¤ Ú  ï ʧʦʣʦʞʠʪʝʣʴʥʘʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʘʷ, 

x2p2p- p- p

y
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() ()lim
x

f x f x
w

=-¤ Ú  ï ʦʪʨʠʮʘʪʝʣʴʥʘʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʘʷ. 

ɺ ʨʘʩʩʤʦʪʨʝʥʥʦʤ ʚʳʰʝ (ʥʘ ʩʪʨ. 39) ʧʨʠʤʝʨʝ 2xy=  ʷʚʣʷʝʪʩʷ ʧʦʣʦʞʠ-

ʪʝʣʴʥʦʡ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x+¤.  

ʉʚʷʟʴ ʤʝʞʜʫ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʠʤʠ 

ʠ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ ʬʫʥʢʮʠʷʤʠ 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ 

ʧʨʠ x w , ʪʦ ʬʫʥʢʮʠʷ 
()
1

f x
 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ x w .  

()
()
1

lim lim 0
x x

f x
f xw w 

=¤ Ý =.  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦe, ʦʙʦ-

ʟʥʘʯʠʤ 
1

M
e
= . ʇʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ()lim

x
f x

w
=¤, ʟʥʘʯʠʪ ʥʘʡʜʝʪʩʷ ʦʢʨʝ-

ʩʪʥʦʩʪʴ ()ʆw, ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʢʦʪʦʨʦʡ, ʦʪʣʠʯʥʳʭ ʦʪ w, ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘ-

ʚʝʥʩʪʚʦ  

() ()( )> " Í ¸f x M x ʆ xw w.  

ʅʦ ʪʦʛʜʘ ʜʣʷ ʚʩʝʭ ()( )" Í ¸x ʆ xw w ʠʤʝʝʤ:  

() ()
()( )

1 1 1
,= < = " Í ¸x ʆ x

f x Mf x
e w w.  

ʕʪʦ ʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ 
()
1

lim 0
x f xw

= , ʪ.ʝ. ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦ-

ʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ x w . ʊʝʦʨʝʤʘ ʜʦʢʘʟʘʥʘ.  

ʊʝʦʨʝʤʘ 2. ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʧʨʠ x w  

ʠ ʦʪʣʠʯʥʦʡ ʦʪ ʥʫʣʷ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ()ʆw  ʪʦʯʢʠ w, ʪʦ ʬʫʥʢ-

ʮʠʷ 
()
1

f x
 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x w .  

()
()
1

lim 0 lim
x x

f x
f xw w 

= Ý =¤.  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ M , 

ʦʙʦʟʥʘʯʠʤ 
1

M
e= . ʇʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ()lim 0

x
f x

w
= , ʟʥʘʯʠʪ, ʥʘʡʜʝʪʩʷ 

ʦʢʨʝʩʪʥʦʩʪʴ ()1ʆ w, ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʢʦʪʦʨʦʡ, ʦʪʣʠʯʥʳʭ ʦʪ w, ʚʳʧʦʣʥʷʝʪʩʷ 

ʥʝʨʘʚʝʥʩʪʚʦ  

() ()( )1< " Í ¸f x x ʆ xe w w.  
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ɺʳʙʝʨʝʤ ʦʙʱʫʶ ʯʘʩʪʴ ʦʢʨʝʩʪʥʦʩʪʝʡ ()ʆw  ʠ ()1ʆ w, ʦʙʦʟʥʘʯʠʤ ʝʝ 

()2ʆ w . ɺ ʵʪʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ()f x  ʥʝ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ, ʠ ʤʦʞʝʤ ʨʘʩʩʤʦʪ-

ʨʝʪʴ ʬʫʥʢʮʠʶ 
()
1

f x
. ɼʣʷ ʚʩʝʭ ʪʦʯʝʢ ʠʟ ()2ʆ w, ʦʪʣʠʯʥʳʭ ʦʪ w, ʠʤʝʝʤ:  

() ()
()( )2

1 1 1
,= > = " Í ¸x ʆ x

f x f x
e w w

e
.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʤʳ ʥʘʰʣʠ ʪʘʢʫʶ ʦʢʨʝʩʪʥʦʩʪʴ ()2ʆ w, ʚ ʢʦʪʦʨʦʡ 

ʜʣʷ ʚʩʝʭ x  ( )x w̧  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 
()
1

M
f x

> . ʕʪʦ ʠ ʦʟʥʘʯʘʝʪ, 

ʯʪʦ 
()
1

f x
 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʧʨʠ x w . ʊʝʦʨʝʤʘ ʜʦʢʘʟʘʥʘ.  

ʂʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ. 

2. ʇʨʠʚʝʜʠʪʝ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʬʫʥʢʮʠʡ, ʠʤʝʶʱʠʭ ʧʨʝʜʝʣ. 

3. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʬʫʥʢʮʠʠ ʠ ʧʨʠʚʝʜʠʪʝ ʠʭ ʩʚʦʡ-

ʩʪʚʘ. 

4. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ ʬʫʥʢʮʠʠ. 

5. ʂʘʢ ʩʚʷʟʘʥʳ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʠʝ ʠ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ? 
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5. ɺʓʏʀʉʃɽʅʀɽ ʇʈɽɼɽʃʆɺ, 

ʈɸʉʂʈʓʊʀɽ ʅɽʆʇʈɽɼɽʃɽʅʅʆʉʊɽʁ 

5.1. ʈʘʩʢʨʳʪʠʝ ʧʨʦʩʪʝʡʰʠʭ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ 

ɿʘʤʝʯʘʥʠʝ. ɺ ʪʝʤʝ çʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠè ʙʫʜʝʪ ʜʦʢʘʟʘʥʦ, ʯʪʦ ʝʩʣʠ 

ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʵʣʝʤʝʥʪʘʨʥʦʡ ʬʫʥʢʮʠʝʡ ʠ ()f x  ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯ-

ʢʝ 0x , ʪ.ʝ. ʩʫʱʝʩʪʚʫʝʪ ʟʥʘʯʝʥʠʝ ( )0f x , ʪʦ ʧʨʝʜʝʣ ()f x  ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  

ʢ 0x  ʨʘʚʝʥ ( )0f x , ʪ.ʝ.  

() ( )
0

0lim
x x

f x f x


= . 

ʇʨʠʤʝʨ. ʇʨʠʤʝʥʷʷ ʪʝʦʨʝʤʳ ʦ ʧʨʝʜʝʣʝ ʩʫʤʤʳ, ʧʨʦʠʟʚʝʜʝʥʠʷ ʠ ʯʘʩʪʥʦʛʦ 

ʬʫʥʢʮʠʡ, ʠʤʝʶʱʠʭ ʧʨʝʜʝʣ, ʥʘʭʦʜʠʤ ʧʨʝʜʝʣ:  
2 4 1 3

1 1 11

ln 3 ln1 3 3 27
lim

2 8cos cos

x

xx

x

e x ep p

4- -

- -

+ +å õ å õ å õ
= = =æ ö æ ö æ ö

- -ç ÷ ç ÷ ç ÷
.  

ʆʧʨʝʜʝʣʝʥʠʝ. ʅʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴʶ ʠʣʠ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤ ʚʳʨʘʞʝʥʠʝʤ 

ʥʘʟʳʚʘʝʪʩʷ ʚʳʨʘʞʝʥʠʝ, ʧʨʝʜʝʣ ʢʦʪʦʨʦʛʦ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥ ʙʝʟ ʜʦʧʦʣ-

ʥʠʪʝʣʴʥʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʪʦʣʴʢʦ ʧʦ ʠʟʚʝʩʪʥʳʤ ʧʨʝʜʝʣʘʤ ʬʫʥʢʮʠʡ, ʩʦ-

ʩʪʘʚʣʷʶʱʠʭ ʵʪʦ ʚʳʨʘʞʝʥʠʝ.  

ʇʫʩʪʴ ʬʫʥʢʮʠʠ ()xa  ʠ ()xb  ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ ʧʨʠ ʩʪʨʝʤ-

ʣʝʥʠʠ x  ʢ w: ()lim 0
x

x
w
a


= , ()lim 0

x
x

w
b


= . ʇʨʝʜʝʣ ʠʭ ʯʘʩʪʥʦʛʦ 

ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ w ʥʘʟʳʚʘʝʪʩʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴʶ ʪʠʧʘ 
0

0

è ø
é ù
ê ú

.  

ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʥʘʭʦʞʜʝʥʠʷ ʧʨʝʜʝʣʦʚ ʪʘʢʦʛʦ ʪʠʧʘ, ʧʨʠʤʝʨʳ ʨʘʩ-

ʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ ʪʠʧʘ 
0

0

è ø
é ù
ê ú

.  

ʇʨʠʤʝʨ.  ()
1

1
x

x
a =

+
,  ()

2

1

1
x

x
b =

+
 ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʧʨʠ x+¤.  

()

()

2

2

1 1

0 11lim lim lim lim
1 10 1

1
1

+¤ +¤ +¤ +¤

+
+è ø += = = = =+¤é ù +ê ú +

+

x x x x

xx xx x

x x

xx

a

b
.  

ʏʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʜʨʦʙʠ ʨʘʟʜʝʣʠʣʠ ʥʘ x .  

()

()

2 2

2

2

1 1 1

0 11lim lim lim lim 0
1 10 1 1

1

+¤ +¤ +¤ +¤

+
+è ø += = = = =é ù +ê ú +

+

x x x x

x x xx x

x x

x x

b

a
.  

ʏʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʜʨʦʙʠ ʨʘʟʜʝʣʠʣʠ ʥʘ 2x .  
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ʇʨʠʤʝʨ.  ()
sinx

x
x

a = ,  ()
1

x
x

b =  ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʧʨʠ x+¤.  

()

()

sin

0 sin
lim lim lim lim sin

10+¤ +¤ +¤ +¤

Öè ø
= = = =é ù
ê úx x x x

x
x x xx x
x x

x

a

b
 ï ʵʪʦʪ ʧʨʝʜʝʣ 

ʥʝ ʩʫʱʝʩʪʚʫʝʪ.  

 

ɺʩʝʛʦ ʚʩʪʨʝʯʘʝʪʩʷ ʩʝʤʴ ʚʠʜʦʚ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ:  

0

0

è ø
é ù
ê ú

, 
¤è ø
é ù¤ê ú

, [ ]0Ö¤, [ ]¤-¤, 1¤è ø
ê ú

, 00è ø
ê ú

, 0è ø¤
ê ú

. 

ɹʫʜʝʤ ʥʘʟʳʚʘʪʴ ʨʘʩʢʨʳʪʠʝʤ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʨʝʰʝʥʠʝ ʚʦʧʨʦʩʘ ʦ ʩʫ-

ʱʝʩʪʚʦʚʘʥʠʠ ʧʨʝʜʝʣʘ ʠ ʝʛʦ ʚʳʯʠʩʣʝʥʠʝ ʚ ʩʣʫʯʘʝ ʩʫʱʝʩʪʚʦʚʘʥʠʷ.  

ʈʘʩʢʨʳʪʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 
¤è ø
é ù¤ê ú

  

ʇʫʩʪʴ ()mP x  ʠ ()nQ x  ï ʤʥʦʛʦʯʣʝʥʳ, ʪʦʛʜʘ ʧʨʝʜʝʣ ʠʭ ʦʪʥʦʰʝʥʠʷ 

ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ ¤ ʝʩʪʴ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʚʠʜʘ 
¤è ø
é ù¤ê ú

.  

()
()

lim m

x n

P x

Q x¤

¤è ø
=é ù¤ê ú

.  

ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʪʘʢʦʡ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʥʫʞʥʦ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘ-

ʪʝʣʴ ʜʨʦʙʠ ʨʘʟʜʝʣʠʪʴ ʥʘ ʩʪʘʨʰʫʶ ʩʪʝʧʝʥʴ ʧʝʨʝʤʝʥʥʦʡ x, ʩʦʜʝʨʞʘʱʫʶʩʷ 

ʚ ʟʥʘʤʝʥʘʪʝʣʝ ʵʪʦʡ ʜʨʦʙʠ  

ʘ) 

2

2 2 2 2 2

2 2

22 2 2

5 11 5 11
1

5 11 1
lim lim lim

1 4 33 4 3 4 3
x x x

x x

x x xx x x x

x x x x

x xx x x

¤ ¤ ¤

- + - +
- + ¤è ø

= = = =é ù¤+ + ê ú + ++ +

, ʪ.ʢ. 

2 2

5 11 1 4
lim lim lim lim 0
x x x xx xx x¤ ¤ ¤ ¤

= = = =.  

ʙ) 

3

3 2 2 2 2

2 2

22 2 2

4 2 7 2 7
4

4 2 7
lim lim lim

3 213 21 3 21 1
x x x

x x
x

x x xx x x x

x x x x

x xx x x

¤ ¤ ¤

+ - + -
+ - ¤è ø

= = = =¤é ù¤+ + ê ú + ++ +

.  

ʚ) 
2 2 2

2 2

22 2 2

2 3 2 3

2 3
lim lim lim 0

1 32 3 2 3 2
x x x

ʭ

x xx x x

x x x x

x xx x x

¤ ¤ ¤

+ +
+ ¤è ø

= = = =é ù¤- - ê ú - -- -

.  

ʕʪʠ ʧʨʠʤʝʨʳ ʧʦʤʦʛʘʶʪ ʩʜʝʣʘʪʴ ʚʳʚʦʜ:  
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()

()

0

01
0 1

1
0 1

, ʝʩʣʠ ,

...
lim lim 0, ʝʩʣʠ ,

...
, ʝʩʣʠ .

-

-¤ ¤

ë
=î

î+ + ¤ îè ø
= = = <ìé ù¤+ + ê úî¤ >

î
îí

m m
m

n nx xn

a
m n

b
P x a x a x

m n
Q x b x b x

m n

  

ʈʘʩʢʨʳʚʘʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ 
¤è ø
é ù¤ê ú

 ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʯʠʩʣʠʪʝʣʴ ʠʣʠ ʟʥʘ-

ʤʝʥʘʪʝʣʴ ʩʦʜʝʨʞʘʪ ʠʨʨʘʮʠʦʥʘʣʴʥʳʝ ʚʳʨʘʞʝʥʠʷ, ʥʘʜʦ ʚʳʥʝʩʪʠ ʟʘ ʟʥʘʢ ʢʦʨ-

ʥʷ ʩʪʘʨʰʫʶ ʩʪʝʧʝʥʴ ʧʝʨʝʤʝʥʥʦʡ x, ʘ ʟʘʪʝʤ ʨʘʟʜʝʣʠʪʴ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝ-

ʥʘʪʝʣʴ ʥʘ ʩʪʘʨʰʫʶ ʩʪʝʧʝʥʴ x, ʩʦʜʝʨʞʘʱʫʶʩʷ ʚ ʟʥʘʤʝʥʘʪʝʣʝ ʜʨʦʙʠ.  

233 3 2 2 3

4
2

3 4

1 4
1 5 1

4 5 1
lim lim

3 93 2 3 9 3 2
x x

x x
x x x x x

x x x x x
x x

¤ ¤

Ö - - + +
- - + + ¤è ø

= = =é ù¤ê ú+ + + + Ö + +

 

(ʨʘʟʜʝʣʠʤ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʜʨʦʙʠ ʥʘ 2x ) 

3
2 3 2

3 4

1 1 4 1
1 5

5
lim

3 3 9 2
2

x

x x x x

x x x

¤

Ö - - + +

= =

+ + +

.  

ʈʘʩʢʨʳʪʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 
0

0

è ø
é ù
ê ú

  

()

()0

0
lim

0

è ø
=é ù
ê ú

m

x x n

P x

Q x
. 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʯʠʩʣʦ 0x  ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʦʚ ()mP x  ʠ ()nQ x  ʠ 

ʜʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʥʘʜʦ ʩʦʢʨʘʪʠʪʴ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ 

ʜʨʦʙʠ ʥʘ ( )0x x- , ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʨʘʟʣʦʞʠʚ ʤʥʦʛʦʯʣʝʥʳ ʥʘ ʤʥʦʞʠʪʝʣʠ.  

ʇʨʠʤʝʨ.  
2

3 22

2 0
lim

02 5 6x

x x

x x x-

+ è ø
= =é ù- - + ê ú

  

( )
( )( )( ) ( )( ) ( )( )2 2

2 2 2
lim lim

1 2 3 1 3 3 5 15x x

x x x

x x x x x- -

+ -
= = = -

- + - - - - -
. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʝʜʝʣ 
()
()0

0
lim

0x x

f x

g x

è ø
=é ù
ê ú

, ʛʜʝ ʦʜʥʘ ʠʟ ʬʫʥʢʮʠʡ ()f x  ʠʣʠ 

(),g x  ʠʣʠ ʦʙʝ ʷʚʣʷʶʪʩʷ ʠʨʨʘʮʠʦʥʘʣʴʥʳʤʠ ʚʳʨʘʞʝʥʠʤ̫ʠ. ʅʘʜʦ ʪʘʢʞʝ ʩʦ-

ʢʨʘʪʠʪʴ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʜʨʦʙʠ ʥʘ ( )0x x- , ʥʦ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʧʝ-

ʨʝʚʝʜʷ ʠʨʨʘʮʠʦʥʘʣʴʥʦʩʪʴ ʠʟ ʯʠʩʣʠʪʝʣʷ ʚ ʟʥʘʤʝʥʘʪʝʣʴ ʠʣʠ ʥʘʦʙʦʨʦʪ.  
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ʇʨʠʤʝʨ. 
21

2 7 3 0
lim

02x

x

x x

+ - è ø
= =é ù+ - ê ú

( )( )
( )( )21

2 7 3 2 7 3
lim

2 2 7 3

+ - + +
=

+ - + +x

x x

x x x
 

( )

( )( )( )1

2 1
lim

1 2 2 7 3

-
= =

- + + +x

x

x x x ( )( )1

2 2 1
lim

3 6 92 2 7 3
= =
Ö+ + +x x x

. 

ʇʨʠʤʝʨ. 
31

2 5 0
lim

01x

x

x-

- + è ø
= =é ù+ ê ú

 

( )( )
( )( ) ( )( )3 31 1

2 5 2 5 4 5
lim lim

1 2 5 2 5 1x x

x x x

x x x x- -

- + + + - -
= = =

+ + + + + +
 

( )( )
( )( )( )

( )( )
( )( )

3 32 23 3

3 21 13 3

1 1 1 1
lim lim

2 5 12 5 1 1x x

x x x x x x

x xx x x x- -

- + - + - + - +
= = =

+ + ++ + + - +
 

3 2 3

1

1 1 1 1 3
lim

2 2 42 5x

x x

x-

- + + +
= = =

++ +
. 

 

ʈʘʩʢʨʳʪʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʚʠʜʘ [ ]¤-¤  

ʅʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʚʠʜʘ [ ]¤-¤, ʩʦʟʜʘʚʘʝʤʘʷ ʨʘʟʥʦʩʪʴʶ ʠʨʨʘʮʠʦʥʘʣʴ-

ʥʳʭ ʚʳʨʘʞʝʥʠʡ ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ ¤, ʨʘʩʢʨʳʚʘʝʪʩʷ ʪʘʢʠʤ ʞʝ ʧʝʨʝʚʦʜʦʤ 
ʠʨʨʘʮʠʦʥʘʣʴʥʦʩʪʠ ʠʟ ʯʠʩʣʠʪʝʣʷ ʚ ʟʥʘʤʝʥʘʪʝʣʴ.  

ʇʨʠʤʝʨ. ( )[ ]2 2lim 3 5 1
+¤

- + - + = ¤-¤ =
x

x x x   

( )( )2 2 2 2

2 2

3 5 1 3 5 1

lim
3 5 1+¤

- + - + - + + +

= =
- + + +x

x x x x x x

x x x
 

2 2

2 2

2 2

3 5 1 3 4
lim lim

3 5 13 5 1 1 1
+¤ +¤

- + - - - +
= = =

- + + + Ö - + + Ö +
x x

x x x x

x x x x x
x x x

 

2 2

4
3

3
lim

23 5 1
1 1

+¤

- +

= =-

- + + +
x

x

x x x

. 
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5.2. ʇʝʨʚʳʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ. 

ʈʘʩʢʨʳʪʠʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ 

ɼʦʢʘʞʝʤ, ʯʪʦ  

0

sin
lim 1


=
x

x

x
.  

ʕʪʦʪ ʧʨʝʜʝʣ ʥʦʩʠʪ ʥʘʟʚʘʥʠʝ çʧʝʨʚʳʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣè ʠ ʧʨʠʤʝ-

ʥʷʝʪʩʷ ʧʨʠ ʨʘʩʢʨʳʪʠʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ ʚʠʜʘ 
0

0

è ø
é ù
ê ú

.  

ʇʦʩʪʨʦʠʤ ʥʘ ʧʣʦʩʢʦʩʪʠ ʢʨʫʛ ʨʘʜʠʫʩʘ R (ʨʠʩ. 51), ʫʛʦʣ, ʨʘʚʥʳʡ x , 

0
2

x
p

< <. ʇʨʠ 0;
2

x
på õ

Íæ ö
ç ÷

 sin 0x> .  

 
ʈʠʩ. 51 

 

ʉʨʘʚʥʠʤ ʧʣʦʱʘʜʠ ʪʨʝʫʛʦʣʴʥʠʢʘ OAB, ʩʝʢʪʦʨʘ OAB ʠ ʪʨʝʫʛʦʣʴʥʠʢʘ 
OAC:  

ʩʝʢʪOAB OAB OACS S SD D< < .  

ɺʳʨʘʟʠʤ ʧʣʦʱʘʜʠ ʵʪʠʭ ʬʠʛʫʨ.  
21

sin sin
2 2

OBA

R
S OA OB x xD = Ö Ö = ,  

2 2
ʩʝʢʪ

2 2
OBA

x x
S OA R= Ö = ,  

21 1 1
tg tg

2 2 2
OCAS OA AC R R x R xD = Ö = Ö = ,  

2
2 21

sin tg
2 2 2

R x
x R R x< < ,  

sin
sin

cos

x
x x

x
< < .  

x

x

y

A

B C

0
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ʈʘʟʜʝʣʠʤ ʚʩʝ ʯʘʩʪʠ ʥʝʨʘʚʝʥʩʪʚʘ ʥʘ ʧʦʣʦʞʠʪʝʣʴʥʳʡ ʤʥʦʞʠʪʝʣʴ sinx :  

1
1

sin cos

x

x x
< < , 

ʜʣʷ ʦʙʨʘʪʥʳʭ ʚʝʣʠʯʠʥ ʧʦʣʫʯʠʤ ʥʝʨʘʚʝʥʩʪʚʦ  

sin
1 cos

x
x

x
> > .  

ʅʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ ʠ ʜʣʷ ʦʪʨʠʮʘʪʝʣʴʥʳʭ ʟʥʘʯʝʥʠʡ ʘʨʛʫʤʝʥʪʘ x, ʪ.ʢ

( )sin sin-
=

-

x x

x x
, ( )cos cos- =x x, ʪ.ʝ. ʥʝʨʘʚʝʥʩʪʚʦ ʩʧʨʘʚʝʜʣʠʚʦ ʜʣʷ ʚʩʝʭ x , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʫʩʣʦʚʠʶ 0
2

x
p

< < .  

ʂʨʦʤʝ ʪʦʛʦ, 
0

lim1 1
x

= , 
0

lim cos 1
x

x


=  ʪ.ʝ. çʢʨʘʡʥʠʝè ʬʫʥʢʮʠʠ ʧʦʣʫʯʝʥʥʦʛʦ 

ʥʝʨʘʚʝʥʩʪʚʘ ʠʤʝʶʪ ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ ʥʫʣʶ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʧʨʝʜʝʣ, ʨʘʚ-

ʥʳʡ 1. ʇʦ ʪʝʦʨʝʤʝ ʦ ʩʞʘʪʦʡ ʬʫʥʢʮʠʠ çʩʨʝʜʥʷʷè ʬʫʥʢʮʠʷ ʠʤʝʝʪ ʪʘʢʦʡ ʞʝ 

ʧʨʝʜʝʣ, ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ 0, ʪ.ʝ.  

0

sin
lim 1
x

x

x
= .  

ʉʣʝʜʩʪʚʠʷ.  

1) 
0 0 0 0

tg 0 sin 1 sin 1
lim lim lim lim 1

0 cos cosx x x x

x x x

x x x x x   

è ø
= = Ö = Ö =é ù
ê ú

.  

2) 
0

0
lim

arcsin 0x

x

x

è ø
=é ù
ê ú

.  

ʉʜʝʣʘʝʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ: arcsinx t= ; sinx t= ; 0t  ʧʨʠ 0x . 

0 0

sin
lim lim 1

arcsinx t

x t

x t 
= =.  

3) ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ 
0

lim 1
arctgx

x

x
= , 

0

arcsin
lim 1
x

x

x
= . 

0

arctg
lim 1
x

x

x
= .  

4) 

2 2

2

2 2 20 0 0

2sin sin
1 cos 0 2 2lim 1 cos 2sin lim 2 lim

0 2
4

4

  

- è ø è ø
= = - = = = =é ù é ù
ê ú ê ú

Ö
x x x

x x
x x

x
x x x

  

2

2

0

sin
1 122 lim . 2 1
4 4 2

2



å õ
æ ö 1

= = Ö Ö =æ ö
æ ö
ç ÷

x

x

x
. 
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20

1 cos 1
lim

2x

x

x

-
=  ʠʣʠ 

20

1 cos
lim 1

2

x

x

x

-
= .  

ʇʨʠʤʝʨ. 
0 0

sin5 0 sin5
lim lim 5 5

0 5 

è ø
= = Ö =é ù
ê úx x

x x

x x
.  

ɿʘʤʝʪʠʤ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʟʥʘʯʝʥʠʷ m  
0

sin
lim
x

mx
m

x
= .  

ɸʥʘʣʦʛʠʯʥʦ ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ 
0

tg
lim
x

nx
n

x
= .  

ʇʨʠʤʝʨ. 
0 0

sin5
sin5 0 5

lim lim
tg7tg7 0 7x x

x
x x

xx

x

 

è ø
= = =é ù
ê ú

.  

ʇʨʠʤʝʨ. 
sin4 0

lim
sin5 0x

x

xp

è ø
=é ù
ê ú

.  

ɺʘʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʟʜʝʩʴ x  ʩʪʨʝʤʠʪʩʷ ʢ p, ʘ ʥʝ ʢ ʥʫʣʶ. ʏʪʦʙʳ ʚʦʩ-

ʧʦʣʴʟʦʚʘʪʴʩʷ ʧʝʨʚʳʤ ʟʘʤʝʯʘʪʝʣʴʥʳʤ ʧʨʝʜʝʣʦʤ ʜʣʷ ʨʘʩʢʨʳʪʠʷ ʵʪʦʡ ʥʝʦʧ-

ʨʝʜʝʣʝʥʥʦʩʪʠ, ʩʜʝʣʘʝʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ: t x p= -, ʥʦʚʘʷ ʧʝʨʝʤʝʥʥʘʷ t  

ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ ʧʨʠ x p .  

 

( )

( )0

sin 4 4 ʧʦ ʬʦʨʤʫʣʘʤsin4
lim lim

ʧʨʠʚʝʜʝʥʠʷsin5 sin 5 5
0

 

= -è ø
+ è øé ù= = + = = =é ùé ù + ê úê ú

x t

t x
tx

x t
x t

t
p

p
p

p
p

 

0 0

sin4
sin4 4

lim lim
sin5sin5 5t t

t
t t

tt

t

 
= =- =-

-
.  

5.3. ɺʪʦʨʦʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ. 

ʈʘʩʢʨʳʪʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 1¤è ø
ê ú

 

ʈʘʩʩʤʦʪʨʠʤ ʧʦʢʘʟʘʪʝʣʴʥʫʶ ʬʫʥʢʮʠʶ xy e= , ʢʦʪʦʨʘʷ ʦʙʣʘʜʘʝʪ ʪʝʤ 

ʩʚʦʡʩʪʚʦʤ, ʯʪʦ ʢʘʩʘʪʝʣʴʥʘʷ ʢ ʝʝ ʛʨʘʬʠʢʫ ʚ ʪʦʯʢʝ ʧʝʨʝʩʝʯʝʥʠʷ ʩ ʦʩʴʶ Oʫ, 

ʩʦʩʪʘʚʣʷʝʪ ʩ ʢʦʦʨʜʠʥʘʪʥʦʡ ʦʩʴʶ Oʭ ʫʛʦʣ 45̄ . ʇʦʩʪʨʦʠʤ ʝʝ ʛʨʘʬʠʢ 

(ʨʠʩ. 52).  

ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʟʥʘʯʝʥʠʝ x, ʦʙʦʟʥʘʯʠʤ ʥʘ ʛʨʘʬʠʢʝ ʪʦʯʢʫ B  

ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ ( ); xx e . 
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ʈʠʩ. 52 

 

ʇʨʦʚʝʜʝʤ ʯʝʨʝʟ ʪʦʯʢʠ ( )0;1A  ʠ B  ʩʝʢʫʱʫʶ, ʥʘʡʜʝʤ ʪʘʥʛʝʥʩ ʫʛʣʘ j 

ʥʘʢʣʦʥʘ ʩʝʢʫʱʝʡ ʢ ʧʦʣʦʞʠʪʝʣʴʥʦʤʫ ʥʘʧʨʘʚʣʝʥʠʶ ʦʩʠ Oʭ:  

1
tg

xe

x
j

-
= .  

ʋʩʪʨʝʤʠʤ x  ʢ ʥʫʣʶ. ʇʨʠ ʵʪʦʤ ʩʝʢʫʱʘʷ AB ʙʫʜʝʪ ʩʪʨʝʤʠʪʴʩʷ ʢ ʧʨʝ-

ʜʝʣʴʥʦʤʫ ʧʦʣʦʞʝʥʠʶ, ʷʚʣʷʶʱʝʤʫʩʷ ʢʘʩʘʪʝʣʴʥʦʡ ʢ ʛʨʘʬʠʢʫ ʚ ʪʦʯʢʝ A.  

ʇʨʠ ʵʪʦʤ ʫʛʦʣ ʥʘʢʣʦʥʘ ʩʝʢʫʱʝʡ ʙʫʜʝʪ ʩʪʨʝʤʠʪʴʩʷ ʢ ʫʛʣʫ ʥʘʢʣʦʥʘ ʢʘʩʘ-

ʪʝʣʴʥʦʡ ʢ ʦʩʠ Oʭ, ʘ ʟʥʘʯʠʪ ʠ ʟʥʘʯʝʥʠʝ ʪʘʥʛʝʥʩʘ ʫʛʣʘ j ʙʫʜʝʪ ʩʪʨʝʤʠʪʴʩʷ 

ʢ ʟʥʘʯʝʥʠʶ ʪʘʥʛʝʥʩʘ ʫʛʣʘ ʥʘʢʣʦʥʘ ʢʘʩʘʪʝʣʴʥʦʡ, ʪ.ʝ. ʢ ʝʜʠʥʠʮʝ:  

0
lim tg tg 1

4x

p
j


= =.  

ʇʦʣʫʯʠʣʠ  

0

1
lim 1


-
=

x

x

e

x
.  

 

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʩʪʚʠʷ ʵʪʦʛʦ ʧʨʝʜʝʣʘ.  

ʉʣʝʜʩʪʚʠʝ 1. ɼʦʢʘʞʝʤ, ʯʪʦ ʧʨʝʜʝʣ 
( )

0

ln 1
lim 1
x

x

x

+
= .  

( )
( )

0 0

ln 1
ln 1 0 1lim lim 1

0 1 1
0 ʧʨʠ 0

t

t tx t

x t
x tx e

x x e e
t x

 

è + = ø
é ù+ è ø + == = = =é ùé ù = - -ê úé ù
 ê ú

.  

ʀʪʘʢ, 
( )

0

ln 1
lim 1


+
=

x

x

x
.  

ʂʨʦʤʝ ʪʦʛʦ, 
( ) ( )

0 0

log 1 ln 1 1
lim lim

ln ln

a

x x

x x

x x a a 

+ +
= = . 

xe

xx

y

A

B

j
1
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ʉʣʝʜʩʪʚʠʝ 2. ɼʦʢʘʞʝʤ, ʯʪʦ ( )

1

0
lim 1

x

x
x e


+ =.  

ʇʨʝʦʙʨʘʟʫʝʤ ʚʳʨʘʞʝʥʠʝ ʚ ʧʨʝʜʝʣʝ 
( )

0

ln 1
lim 1


+
=

x

x

x
:  

( )
( ) ( )

1

ln 1 1
ln 1 ln 1

xx
x x

x x

+
= + = +.  

( )
( )

1

0 0

ln 1
lim lim ln 1 1 ln

x

x x

x
x e

x 

+
= + = =.  

( ) ( )

1 1

0 0
lim ln 1 ln lim ln 1

x x

x x
x x

 

å õ
æ ö+ = +
æ ö
ç ÷

,  

( ) ( )

1 1

0 0
ln lim ln 1 ln lim 1

 

å õ
æ ö+ = Ý + =
æ ö
ç ÷

x x

x x
x e x e.  

ʕʪʦʪ ʧʨʝʜʝʣ ʨʘʩʢʨʳʚʘʝʪ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʚʠʜʘ 1¤è ø
ê ú

 ʠ ʥʦʩʠʪ ʥʘʟʚʘʥʠʝ 

çʚʪʦʨʦʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣè. ɽʩʣʠ ʚ ʵʪʦʤ ʧʨʝʜʝʣʝ ʟʘʤʝʥʠʪʴ ʧʝʨʝʤʝʥ-

ʥʫʶ, ʦʙʦʟʥʘʯʠʚ 
1

t
x
=, ʧʦʣʫʯʠʪʩʷ ʜʨʫʛʘʷ ʬʦʨʤʘ ʚʪʦʨʦʛʦ ʟʘʤʝʯʘʪʝʣʴʥʦʛʦ 

ʧʨʝʜʝʣʘ: 
1

lim 1
¤

å õ
+ =æ ö

ç ÷

t

t
e

t
. 

ɺ ʙʦʣʝʝ ʦʙʱʝʤ ʚʠʜʝ ʧʨʠ x w : 
()

()( )
()

1

0
lim 1


+ =
x

x
x e

a

a
a . 

ʉʣʝʜʩʪʚʠʝ 3. ʅʘʡʜʝʤ 
0

1
lim

x

x

a

x

-
, ʜʘʶʱʠʡ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʚʠʜʘ 

0

0

è ø
é ù
ê ú

. 

ʀʩʧʦʣʴʟʫʷ ʣʦʛʘʨʠʬʤʠʯʝʩʢʦʝ ʪʦʞʜʝʩʪʚʦ, ʧʨʝʜʩʪʘʚʠʤ ln lnxx a x aa e e= = .  
ln ln

0 0 0

ln1 1 1
lim lim lim ln

0 ʧʨʠ 0ln

x x a x a

x x x

x a ta e e
a

t xx x x a  

=- - - è ø
= = = =é ù ê ú

  

0

1
ln lim ln

t

t

e
a a

t

-
= = .  

ʈʘʩʢʨʳʪʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʚʠʜʘ 1¤è ø
ê ú

 

ʇʫʩʪʴ ʜʘʥ ()()lim 1
g x

x
f x

w

¤



è ø=
ê ú
, ʪ.ʝ. ()lim 1

x
f x

w
= ,  ()lim

x
g x
w

=¤.  
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ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʯʘʩʪʦ ʤʦʞʥʦ ʧʨʝʦʙʨʘʟʦʚʘʪʴ ʬʫʥʢʮʠʶ 

()f x , ʧʨʠʙʘʚʣʷʷ ʠ ʚʳʯʠʪʘʷ ʝʜʠʥʠʮʫ, ʯʪʦʙʳ ʟʘʪʝʤ ʠʩʧʦʣʴʟʦʚʘʪʴ ʦʜʠʥ 

ʠʟ ʧʦʣʫʯʝʥʥʳʭ ʧʨʝʜʝʣʦʚ.  

ʇʨʠʤʝʨ. 

4 5
2 3

lim 1
2 1

x

x

x

x

+
¤

¤

-å õ è ø= =æ ö ê ú+ç ÷
  

= { }ʧʨʠʙʘʚʠʤ ʠ ʚʳʯʪʝʤ ʚ ʦʩʥʦʚʘʥʠʠ 1 = 

4 5 4 5
2 3 4

lim 1 1 lim 1
2 1 2 1

x x

x x

x

x x

+ +

¤ ¤

å - õ -å õ å õ
= + - = + =æ ö æ öæ ö

+ +ç ÷ ç ÷ç ÷
 

= ()
()

4 1 2 1
0ʧʨʠ

2 1 4

x
x x

x x
a

a

ë û- +î î
=  ¤Ý =ì ü

+ -î îí ý
= 

( )
( )4 4 54

4 5 lim
2 1 2 12 1 2 1

4 4 84 4
lim 1 lim 1

2 1 2 1

x

x
x

x xx x

x x
e

x x

¤

- +-
Ö +

+ ++ +
- - -

¤ ¤

è ø è ø
- -å õ å õé ù é ù= + = + =æ ö æ öé ù é ù+ +ç ÷ ç ÷

é ù é ùê ú ê ú

. 

ʇʨʠʤʝʨ. ( )
ctg

3
0

lim 1 sin2 1
x

x
x ¤



è ø+ = =
ê ú

 

= (){ sin2 0ʧʨʠ 0x x xa =   ; 
()
1 1

sin2x xa

ûî
= ü

îý
 = 

( ) ( )

1 1
0

sin 2 sin 2

sin 2 ctg lim sin 2 ctg
3 3

6

0 0

0 0 0

lim 1 sin 2 lim 1 sin 2 ,

sin 2
sin 2 cos cos

2 13 3ʪ.ʢ. limsin2 ctg lim lim 6.
13

sin sin
3 3 3

x
x x

x x
x x

x x

x x x

x x e

x x x
x

x xx
x x

x


Ö

 

  

è ø è ø
é ù é ù= + = + =
é ù é ù
ê ú ê ú

Ö Ö
Ö

= = = =

 

5.4. ʉʨʘʚʥʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ. ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʳʭ  

ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʧʨʝʜʝʣʦʚ 

ʆʧʨʝʜʝʣʝʥʠ.̫ ʇʫʩʪʴ ()xa  ʠ ()xb  ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ 

ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ w. ʈʘʩʩʤʦʪʨʠʤ ʯʘʩʪʥʦʝ 
()
()

x

x

a

b
.  

ʘ) ()xa  ʥʘʟʳʚʘʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʙʦʣʝʝ ʚʳʩʦʢʦʛʦ ʧʦʨʷʜʢʘ, ʯʝʤ 

()xb , ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʠʭ ʯʘʩʪʥʦʛʦ ʧʨʠ x w , ʨʘʚʥʳʡ ʥʫʣʶ:  
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()
()

lim 0
x

x

xw

a

b
= .  

ʉʤʳʩʣ ʵʪʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ()xa  ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ 

ʙʳʩʪʨʝʝ, ʯʝʤ ()xb , ʧʨʠ x w , ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʦʙʦʟʥʘʯʝʥʠʝ 

() ()( )x o xa b=  ( ()xa  ʝʩʪʴ çʆ ʤʘʣʦʝ ʦʪ ()xb è).  

ʙ) ()xa  ʠ ()xb  ʥʘʟʳʚʘʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ ʦʜʥʦʛʦ ʧʦʨʷʜʢʘ, ʝʩʣʠ 

ʩʫʱʝʩʪʚʫʝʪ ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʠʭ ʯʘʩʪʥʦʛʦ  

()
()

lim 0
x

x
c

xw

a

b
= ;̧  

ʚ) ()xa  ʠ ()xb  ʥʘʟʳʚʘʶʪʩʷ ʵʢʚʠʚʘʣʝʥʪʥʳʤʠ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ, ʝʩʣʠ 

ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʠʭ ʯʘʩʪʥʦʛʦ ʧʨʠ x w , ʨʘʚʥʳʡ ʝʜʠʥʠʮʝ  

()
()

lim 1
x

x

xw

a

b
= .  

ɼʣʷ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ ʠʩʧʦʣʴʟʫʶʪ ʦʙʦʟʥʘʯʝʥʠʝ 

() ()x xa b  ʧʨʠ x w .  
 

ʇʨʠʤʝʨ. ʉʨʘʚʥʠʤ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʧʨʠ x w  ʬʫʥʢʮʠʠ 

()
2

1

3 1
x

x x
a =

+ -
 ʠ ()

1

2 1
x

x
b =

+
.  

()
()

2

2

2

2 1

1 2 1
lim lim lim 0

3 113 1 1
x x x

x x x x

x x x

x x

a

b¤ ¤ ¤

+
+ ¤è ø

= Ö = = =é ù¤+ - ê ú + -

.  

()
2

1

3 1
x

x x
a =

+ -
 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʙʦʣʝʝ ʚʳʩʦʢʦʛʦ ʧʦʨʷʜʢʘ, 

ʯʝʤ ()
1

2 1
x

x
b =

+
 ʧʨʠ x¤, ʪ.ʝ.  

() ()( )ʧʨʠ  x o x xa b= ¤.  

ʇʨʠʤʝʨ. ʉʨʘʚʥʠʤ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʧʨʠ 0x  ʬʫʥʢʮʠʠ 

() 31 1x xa = + - ʠ ()x xb = .  

()
()

3

0 0

1 1 0
lim lim

0x x

x x

x x

a

b 

+ - è ø
= = =é ù

ê ú
 

( ) ( )

( ) ( )

23 33

2 20 03 33 3

1 1 1 1 1
1 1

lim lim

1 1 1 1 1 1
x x

x x x
x

x x x x x x
 

å õ
+ - + + + +æ ö + -ç ÷= = =
å õ å õ

+ + + + + + + +æ ö æ ö
ç ÷ ç ÷
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( )
20 33

1
lim

3
1 1 1

x

x

x x x


= =
å õ

+ + + +æ ö
ç ÷

. 

ɹʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ () 31 1x xa = + - ʠ ()x xb =  ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ 

ʤʘʣʳʤʠ ʦʜʥʦʛʦ ʧʦʨʷʜʢʘ ʧʨʠ 0x .  

ɸ ʪ.ʢ. 
3

0

1 1
lim 1

3

x

x

x

+ -
=, ʪʦ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ () 31 1x xa = + - ʠ 

()
3

x
xg =  ʵʢʚʠʚʘʣʝʥʪʥʳ ʧʨʠ 0x : 31 1

3

x
x+ - .  

ʄʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ 1 1n x
x

n
+ -  ʧʨʠ 0x , ʚ ʯʘʩʪʥʦʩʪʠ, 1

2

x
x+ .  

ʆʩʥʦʚʥʦʝ ʩʚʦʡʩʪʚʦ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ 

ʇʫʩʪʴ ʧʨʠ x w  ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ()xa  ʵʢʚʠʚʘʣʝʥʪʥʘ ʙʝʩʢʦʥʝʯʥʦ ʤʘ-

ʣʦʡ ()1 xa , ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ()xb  ʵʢʚʠʚʘʣʝʥʪʥʘ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ()1 xb . 

ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ 
()
()

1

1

lim
x

x

xw

a

b
, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʠ 

()
()

lim
x

x

xw

a

b
, ʨʘʚʥʳʡ ʪʦʤʫ ʞʝ 

ʩʘʤʦʤʫ ʯʠʩʣʫ.  

() () () ()
()
()

1
1 1

1

, ʧʨʠ , lim
x

x
x x x x x

xw

a
a a b b w

b
 $ Ý  

()
()

()
()

1

1

lim lim
x x

x x

x xw w

a a

b b 
Ý$ = .  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʇʦ ʫʩʣʦʚʠʶ () ()1x xa a , ʟʥʘʯʠʪ, ʩʫʱʝʩʪʚʫʝʪ 

()

()1

lim 1


=
x

x

xw

a

a
. ʀ () ()1x xb b , ʟʥʘʯʠʪ, ʩʫʱʝʩʪʚʫʝʪ 

()

()1

lim 1


=
x

x

xw

b

b
.  

ʈʘʩʩʤʦʪʨʠʤ 
()
()

lim
x

x

xw

a

b
:  

()
()

() () ()
() () ()

()
()

()
()

()
()

1 1 1 1

1 1 1 1

lim lim lim
x x x

x x x x x x x

x x x x x x xw w w

a a a b a a b

b b a b a b b  
= = Ö Ö =  

()
()

()
()

()
()

()
()

()
()

1 1 1 1

1 1 1 1

lim lim lim 1 lim 1 lim
x x x x x

x x x x x

x x x x xw w w w w

a a b a a

a b b b b    
= Ö Ö = Ö Ö = .  

ʇʦʣʫʯʠʣʠ 
()
()

()
()

1

1

lim lim
x x

x x

x xw w

a a

b b 
= .  



52 

ʕʪʦ ʩʚʦʡʩʪʚʦ ʧʦʟʚʦʣʷʝʪ ʧʨʠ ʨʘʩʢʨʳʪʠʠ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʚʠʜʘ 
0

0

è ø
é ù
ê ú

 ʟʘ-

ʤʝʥʷʪʴ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ, ʩʪʦʷʱʠʝ ʚ ʯʠʩʣʠʪʝʣʝ ʠ ʟʥʘʤʝʥʘʪʝʣʝ ʜʨʦʙʠ, ʙʦ-

ʣʝʝ ʧʨʦʩʪʳʤʠ ʵʢʚʠʚʘʣʝʥʪʥʳʤʠ ʠʤ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ.  

ʇʨʠʤʝʨ. ʀʩʧʦʣʴʟʫʷ ʠʟʚʝʩʪʥʳʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ 1 1n x
x

n
+ - , ʥʘʭʦʜʠʤ 

ʧʨʝʜʝʣ 
3

40 0 0

1 1 0 4 43lim lim lim
0 3 31 1

4

x x x

x
x x

x xx  

+ - Öè ø
= = = =é ù Ö+ - ê ú

.  

ʉʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ ʚʘʞʥʝʡʰʠʭ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʝʡ, ʢʦʪʦʨʳʝ ʠʩʧʦʣʴʟʫʶʪ-

ʩʷ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʧʨʝʜʝʣʦʚ.  

ʊʘʙʣʠʮʘ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ 

()( 0xa  ʧʨʠ )x w  

1) ()
()

1 1
2

+ -
x

x
a

a .    7) () ()arctg x xa a . 

2) ()
()

31 1
3

+ -
x

x
a

a .    8) () ()( )
21

1 cos
2

- x xa a .  

3) ()
()

1 1+ -n
x

x
n

a
a .    9) ()( ) ()ln 1+ x xa a . 

4) () ()sin x xa a .     10) ()( )
()

log 1
ln

+a

x
x

a

a
a . 

5) () ()tg x xa a .     11) 
() ()1-
x

e x
a

a . 

6) () ()arcsin x xa a .    12) 
() ()1 ln-
x

a x a
a

a . 

 

ʕʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʵʪʠʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ ʙʳʣʘ ʜʦʢʘʟʘʥʘ ʧʨʠ ʨʘʩʩʤʦʪ-

ʨʝʥʠʠ ʧʝʨʚʦʛʦ ʠ ʚʪʦʨʦʛʦ ʟʘʤʝʯʘʪʝʣʴʥʳʭ ʧʨʝʜʝʣʦʚ, ʘ ʪʘʢʞʝ ʚ ʧʨʠʤʝʨʝ ʚʳ-

ʰʝ. ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʧʨʠʤʝʥʝʥʠʷ ʪʘʙʣʠʮʳ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ 

ʤʘʣʳʭ ʢ ʚʳʯʠʩʣʝʥʠʶ ʧʨʝʜʝʣʦʚ.  

ʇʨʠʤʝʨ. 
( )

( )

3 3

20 02 2

ln 1 4 4 4 8
lim lim

1 ln3
3 1 tg 2ln3ln3 22 42

x xx

x x

x x
x

 

- - - -
= = =

å õ- ÖÖ æ ö
ç ÷

, ʪ.ʢ.  

( )3 3ln 1 4 4x x- - ,   23 1 2 ln3x x- ,   tg
2 2

x x
.  
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ʇʨʠʤʝʨ. 
( )

2

220 0

1
3

1 cos3 1 9 92lim lim
2 7 1471 7 1x x

x
x

xx 

-
= =- Ö =-

-- -
, ʪ.ʢ.  

2 21 7 1 7x x- - - ,   ( )
21

1 cos3 3
2

x x- .  

ʂʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ 

1. ʇʝʨʝʯʠʩʣʠʪʝ ʦʩʥʦʚʥʳʝ ʚʠʜʳ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ, ʚʦʟʥʠʢʘʶʱʠʭ ʧʨʠ 

ʚʳʯʠʩʣʝʥʠʠ ʧʨʝʜʝʣʦʚ. 

2. ʇʨʠʚʝʜʠʪʝ ʤʝʪʦʜʳ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ. 

3. ɼʦʢʘʞʠʪʝ ʧʝʨʚʳʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ ʠ ʩʣʝʜʩʪʚʠʷ ʠʟ ʥʝʛʦ. 

4. ʇʨʠʚʝʜʠʪʝ ʨʘʟʣʠʯʥʳʝ ʬʦʨʤʳ ʟʘʧʠʩʠ ʚʪʦʨʦʛʦ ʟʘʤʝʯʘʪʝʣʴʥʦʛʦ ʧʨʝʜʝ-

ʣʘ. 

5. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ ʬʫʥʢʮʠʡ. 

6. ʇʨʠʚʝʜʠʪʝ ʩʚʦʡʩʪʚʦ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ, ʢʦʪʦʨʦʝ 
ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʧʨʝʜʝʣʦʚ. 

7. ʇʨʠʚʝʜʠʪʝ ʪʘʙʣʠʮʫ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ ʬʫʥʢʮʠʡ. 
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6. ʅɽʇʈɽʈʓɺʅʆʉʊʔ ʌʋʅʂʎʀʀ 

6.1. ʇʦʥʷʪʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʌʫʥʢʮʠʷ ()f x  ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʪʦʯʢʝ 0x , 

ʝʩʣʠ:  

1) ʦʥʘ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0x  ʠ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ( )0ʆ x ʵʪʦʡ ʪʦʯ-

ʢʠ;  

2) ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ʬʫʥʢʮʠʠ ()f x  ʧʨʠ ʩʪʨʝʤʣʝʥʠʠ x  ʢ 0x , ʨʘʚʥʳʡ 

ʟʥʘʯʝʥʠʶ ()f x  ʚ ʪʦʯʢʝ 0x .  

ʂʦʨʦʪʢʦ: ()f x  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x Ú  1) ( ) ()0O x D f$ Ë ; 

2) () ( )
0

0lim
x x

f x f x

$ = .  

ɼʘʜʠʤ ʜʨʫʛʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ()f x  ʚ ʪʦʯʢʝ 0x . 

ɺʚʝʜʝʤ ʦʙʦʟʥʘʯʝʥʠʷ:  

( ) () ( )0 0 0 0, 0 ,x x x x x x x x x y f x f x- =D = +D  Ú D  D = -.  

ʂʨʦʤʝ ʪʦʛʦ, () ( ) () ( )( )
0 0

0 0lim lim 0
 

= Ú - =
x x x x

f x f x f x f x , ʪ.ʝ. 

0

lim 0

D =

x x
y .  

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʌʫʥʢʮʠʷ ()f x  ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʪʦʯʢʝ 0x , 

ʝʩʣʠ:  

1) ʦʥʘ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0x  ʠ ʥʝʢʦʪʦʨʦʡ ʝʝ ʦʢʨʝʩʪʥʦʩʪʠ ( )0ʆ x;  

2) ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʤʫ ʧʨʠʨʘʱʝʥʠʶ ʘʨʛʫʤʝʥʪʘ ʚ ʵʪʦʡ ʪʦʯʢʝ ʩʦʦʪʚʝʪʩʪ-

ʚʫʝʪ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʝ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ.  

ʂʦʨʦʪʢʦ:  

()f x  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x Ú  1) ( ) ()0O x D f$ Ë ; 2) 
0

lim 0
x

y
D 
D =. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ()f x , ʥʝʧʨʝʨʳʚʥʘʷ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʧʨʦʤʝʞʫʪ-

ʢʘ ʯʠʩʣʦʚʦʡ ʦʩʠ, ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʧʨʦʤʝʞʫʪʢʝ.  

ʇʨʠʤʝʨ. ɼʦʢʘʞʝʤ, ʯʪʦ ʬʫʥʢʮʠʷ () sinf x x=  ʥʝʧʨʝʨʳʚʥʘ.  

ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʧʨʠ ʣʶʙʦʤ Íx , ʜʦʢʘʞʝʤ ʝʝ ʥʝʧʨʝʨʳʚʥʦʩʪʴ 

ʚ ʣʶʙʦʡ ʪʦʯʢʝ, ʠʩʧʦʣʴʟʫʷ ʚʪʦʨʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʠ ʠʟʚʝʩʪʥʦʝ 

ʥʝʨʘʚʝʥʩʪʚʦ sinx x<  ʧʨʠ 0x¸ .  

ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʟʥʘʯʝʥʠʝ 0x , ʜʘʜʠʤ ʧʨʠʨʘʱʝʥʠʝ 

xD, ʧʦʣʫʯʠʤ 0x x x= +D, ʥʘʡʜʝʤ yD .  

( ) ( ) ( )0 0 0 0sin siny f x x f x x x xD = +D - = +D - =  

0 0 0 0
02sin cos 2sin cos

2 2 2 2

x x x x x x x x
x

+D - +D + D Då õ
= = +æ ö

ç ÷
.  
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02 sin cos 2 1
2 2 2

DD Då õ
D = Ö + < Ö Ö = Dæ ö

ç ÷

xx x
y x x ,  

0sin , cos 1
2 2 2

x x x
x

å õD D Då õ
< + ¢æ öæ ö

ç ÷ç ÷
.  

ʇʦʣʫʯʠʣʠ y xD < D, ʟʥʘʯʠʪ, ʝʩʣʠ 0xD  , ʪʦ ʠ 0yD  .  

ʉʦʛʣʘʩʥʦ ʚʪʦʨʦʤʫ ʦʧʨʝʜʝʣʝʥʠʶ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʵʪʦ ʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʬʫʥʢʮʠʷ sinx  ʥʝʧʨʝʨʳʚʥʘ ʚ ʣʶʙʦʡ ʪʦʯʢʝ 0x .  

6.2. ʆʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ 

1. ɽʩʣʠ ʬʫʥʢʮʠʠ ()f x  ʠ ()g x  ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ 0x , ʪʦ ʠʭ ʩʫʤʤʘ, 

ʨʘʟʥʦʩʪʴ, ʧʨʦʠʟʚʝʜʝʥʠʝ ʠ ʯʘʩʪʥʦʝ 
()
()

f x

g x
 (ʝʩʣʠ ( )0 0g x ¸ ) ʥʝʧʨʝʨʳʚʥʳ 

ʚ ʪʦʯʢʝ 0x .  

ɼʦʢʘʞʝʤ ʦʜʥʦ ʠʟ ʫʪʚʝʨʞʜʝʥʠʡ, ʥʘʧʨʠʤʝʨ, ʜʣʷ ʯʘʩʪʥʦʛʦ 
()
()

f x

g x
.  

()f x  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ () ( )
0

0 0lim
x x

x f x f x


Ý$ = . 

()g x  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ () ( )
0

0 0lim 0
x x

x g x g x


Ý$ = .̧ 

ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 
()
()

f x

g x
:  

1) ʦʥʘ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0x  (ʪ.ʢ. ( )0 0g x ¸ ) ʠ ʚ ʥʝʢʦʪʦʨʦʡ ʝʝ ʦʢʨʝʩʪʥʦ-

ʩʪʠ;  

2) 
()
( )

()

()
( )
( )

0

0

0

0

0 0

lim

lim
lim

x x

x x
x x

f x
f xf x

g x g x g x






= =  ʧʦ ʪʝʦʨʝʤʝ ʦ ʧʨʝʜʝʣʝ ʯʘʩʪʥʦʛʦ ʜʚʫʭ 

ʬʫʥʢʮʠʡ, ʠʤʝʶʱʠʭ ʧʨʝʜʝʣ ()
0

lim 0
x x

g x


å õ
¸æ ö

ç ÷
.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʬʫʥʢʮʠʷ 
()
()

f x

g x
 ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʧʝʨʚʦʤʫ ʦʧʨʝʜʝʣʝʥʠʶ 

ʥʝʧʨʝʨʳʚʥʦʩʪʠ, ʟʥʘʯʠʪ ʦʥʘ ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x . ʇʦʜʦʙʥʳʤ ʦʙʨʘʟʦʤ ʜʦ-

ʢʘʟʳʚʘʶʪʩʷ ʦʩʪʘʣʴʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ ʥʘ ʦʩʥʦʚʘʥʠʠ ʩʚʦʡʩʪʚ ʬʫʥʢʮʠʡ, 

ʠʤʝʶʱʠʭ ʧʨʝʜʝʣ.  

2. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()u f x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x  ʠ ʧʨʠʥʠʤʘʝʪ ʚ ʵʪʦʡ 

ʪʦʯʢʝ ʟʥʘʯʝʥʠʝ ( )0 0u f x= . ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y g u=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯ-

ʢʝ 0u . ʊʦʛʜʘ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ ( )( )y g f x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x .  
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ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʠʩʧʦʣʴʟʫʝʤ ʚʪʦʨʦʝ ʦʧʨʝʜʝʣʝʥʠʝ 

ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ.  

ɿʘʜʘʜʠʤ ʧʨʠʨʘʱʝʥʠʝ ʘʨʛʫʤʝʥʪʘ xD, ʥʘʡʜʝʤ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ 

() ( )0f x f x x= +D, ʧʦʣʫʯʠʤ ʧʨʠʨʘʱʝʥʠʝ ( ) ( )0 0u f x x f xD = +D - . ʊʦʛʜʘ ʠ 

ʬʫʥʢʮʠʷ ()y g u=  ʧʦʣʫʯʠʪ ʥʝʢʦʪʦʨʦʝ ʧʨʠʨʘʱʝʥʠʝ yD .  

ʋʩʪʨʝʤʠʤ ʧʨʠʨʘʱʝʥʠʝ xD  ʢ ʥʫʣʶ. ʊ.ʢ. ʬʫʥʢʮʠʷ ()u f x=  ʥʝʧʨʝʨʳʚʥʘ 

ʚ ʪʦʯʢʝ 0x , ʩʦʛʣʘʩʥʦ ʚʪʦʨʦʤʫ ʦʧʨʝʜʝʣʝʥʠʶ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʧʨʠʨʘʱʝʥʠʝ uD  

ʝʩʪʴ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ ʧʨʠ 0xD  , ʪ.ʝ. 0uD   ʧʨʠ 0xD  . ʊ.ʢ. ʬʫʥʢʮʠʷ 

()y g u=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0u , ʝʝ ʧʨʠʨʘʱʝʥʠʝ yD  ʝʩʪʴ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʘʷ 

ʧʨʠ 0uD  . ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʧʦʣʫʯʠʤ, ʯʪʦ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʤʫ ʧʨʠʨʘʱʝʥʠʶ 

xD  ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʝ ʧʨʠʨʘʱʝʥʠʝ yD  ʬʫʥʢʮʠʠ ( )( )y f g x= , 

ʟʥʘʯʠʪ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ ( )( )y f g x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x .  

3. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʦʧʨʝʜʝʣʝʥʘ, ʚʦʟʨʘʩʪʘʝʪ (ʫʙʳʚʘʝʪ) ʠ ʥʝʧʨʝ-

ʨʳʚʥʘ ʚ ʥʝʢʦʪʦʨʦʤ ʧʨʦʤʝʞʫʪʢʝ ʯʠʩʣʦʚʦʡ ʦʩʠ. ʊʦʛʜʘ ʚ ʝʝ ʦʙʣʘʩʪʠ ʠʟʤʝʥʝ-

ʥʠʷ, ʦʪʚʝʯʘʶʱʝʡ ʵʪʦʤʫ ʧʨʦʤʝʞʫʪʢʫ, ʦʧʨʝʜʝʣʝʥʘ ʬʫʥʢʮʠʷ, ʦʙʨʘʪʥʘʷ ʜʘʥ-

ʥʦʡ, ʥʝʧʨʝʨʳʚʥʘʷ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʵʪʦʡ ʦʙʣʘʩʪʠ ʠ ʚʦʟʨʘʩʪʘʶʱʘʷ (ʫʙʳʚʘʶ-

ʱʘʷ).  

ʅʘʧʨʠʤʝʨ, ʬʫʥʢʮʠʷ siny x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʧʨʦʤʝʞʫʪʢʘ 

;
2 2

p på õ
-æ ö
ç ÷

, ʦʙʣʘʩʪʴʶ ʠʟʤʝʥʝʥʠʷ ʵʪʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʦʪʨʝʟʦʢ [ ]1;1- .  

ʆʙʨʘʪʥʘʷ ʝʡ ʬʫʥʢʮʠʷ arcsiny x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʧʨʦʤʝ-

ʞʫʪʢʘ ( )1;1- .  

4. ɽʩʣʠ ʵʣʝʤʝʥʪʘʨʥʘʷ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0x  ʠ ʥʝʢʦʪʦʨʦʡ ʝʝ 

ʦʢʨʝʩʪʥʦʩʪʠ, ʪʦ ʦʥʘ ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x .  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

1) () xf x e= . ʕʪʘ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʧʨʠ ʣʶʙʦʤ ʜʝʡʩʪʚʠʪʝʣʴʥʦʤ ʟʥʘ-

ʯʝʥʠʠ x. ɺʦʟʴʤʝʤ ʥʝʢʦʪʦʨʦʝ ( )0 ;x Í -¤ ¤, ʜʘʜʠʤ ʧʨʠʨʘʱʝʥʠʝ xD, ʥʘʡʜʝʤ 

0 0x x x
y e e

+D
D = - = ( )0 1

x xe eD= -, ʚʳʯʠʩʣʠʤ ʧʨʝʜʝʣ yD  ʧʨʠ 0xD  :  

( )
( )

0 0

00 0

1
lim lim 1 lim

x

x

x xx

x x

e
y e e e x

xD 

D

D

 D 

-
D = - = D =

D
 

0 0

0 0

1
lim lim 1 0 0

x
x x

x x

e
e x e

x

D

D  D 

-
= Ö D = Ö Ö =

D
.  

ɹʝʩʢʦʥʝʯʥʦ ʤʘʣʦʤʫ ʧʨʠʨʘʱʝʥʠʶ ʘʨʛʫʤʝʥʪʘ xD  ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʙʝʩʢʦ-

ʥʝʯʥʦ ʤʘʣʦʝ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ yD, ʩʦʛʣʘʩʥʦ ʚʪʦʨʦʤʫ ʦʧʨʝʜʝʣʝʥʠʶ ʥʝ-

ʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʷ xe  ʥʝʧʨʝʨʳʚʥʘ ʚ ʣʶʙʦʡ ʪʦʯʢʝ 0x .  
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2) ʌʫʥʢʮʠʷ lny x=  ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʥʦʡ ʢ ʬʫʥʢʮʠʠ xy e= , ʧʦʵʪʦʤʫ 

ʧʦ ʩʚʦʡʩʪʚʫ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ ʦʥʘ ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʣʶ-

ʙʦʤ ʧʦʣʦʞʠʪʝʣʴʥʦʤ ʟʥʘʯʝʥʠʠ x .  

3) () xf x a= . ʀʩʧʦʣʴʟʫʝʤ ʪʦʞʜʝʩʪʚʦ ln lnx a x aa e eÖ= = .  

ʌʫʥʢʮʠʶ xa  ʧʨʝʜʩʪʘʚʠʣʠ ʚ ʚʠʜʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ , lnuy e u x a= = Ö.  

ʆʙʝ ʬʫʥʢʮʠʠ ue  ʠ lnx aÖ  ʷʚʣʷʶʪʩʷ ʥʝʧʨʝʨʳʚʥʳʤʠ, ʧʦ ʩʚʦʡʩʪʚʫ ʦ ʥʝ-

ʧʨʝʨʳʚʥʦʩʪʠ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ ʙʫʜʝʪ ʥʝʧʨʝʨʳʚʥʦʡ ʠ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʡ xa  

ʧʨʠ ʣʶʙʦʤ ʜʝʡʩʪʚʠʪʝʣʴʥʦʤ ʟʥʘʯʝʥʠʠ x .  

4) () logaf x x= .  

ʕʪʘ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʦʙʨʘʪʥʦʡ ʢ ʬʫʥʢʮʠʠ xa , ʧʦʵʪʦʤʫ ʧʦ ʩʚʦʡʩʪʚʫ 

ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ ʦʥʘ ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʣʶʙʦʤ ʧʦʣʦʞʠ-

ʪʝʣʴʥʦʤ ʟʥʘʯʝʥʠʠ x .  

5) ()=f x xa. ʇʨʝʜʩʪʘʚʠʤ ʬʫʥʢʮʠʶ ʚ ʚʠʜʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ  

ln lnÖ= = =x xy x e e
aa a , , ln= =uy e u xa .  

ʆʙʝ ʬʫʥʢʮʠʠ ue  ʠ lnÖ xa  ʥʝʧʨʝʨʳʚʥʳ ʧʨʠ ʣʶʙʦʤ ʧʦʣʦʞʠʪʝʣʴʥʦʤ ʟʥʘ-

ʯʝʥʠʠ x, ʟʥʘʯʠʪ ʥʝʧʨʝʨʳʚʥʘ ʠ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ xa ʧʨʠ ʣʶʙʦʤ ʧʦʣʦʞʠ-

ʪʝʣʴʥʦʤ ʟʥʘʯʝʥʠʠ ʘʨʛʫʤʝʥʪʘ x .  

6) () sinf x x= .  

ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʜʦʢʘʟʘʥʘ ʚʳʰʝ.  

7) () cosf x x= .  

ʇʨʝʜʩʪʘʚʠʤ ʬʫʥʢʮʠʶ ʚ ʚʠʜʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ cos sin
2

y x x
på õ

= = -æ ö
ç ÷

.  

sin ,
2

y u u x
p

= = -.  

ʆʙʝ ʵʪʠ ʬʫʥʢʮʠʠ ʥʝʧʨʝʨʳʚʥʳ ʧʨʠ ʣʶʙʦʤ ʟʥʘʯʝʥʠʠ x, ʟʥʘʯʠʪ ʥʝʧʨʝ-

ʨʳʚʥʘ ʠ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ.  

8) () ()tg , ctgf x x f x x= = .  

ʇʨʝʜʩʪʘʚʠʤ: 
sin

tg
cos

x
x

x
= , 

cos
ctg

sin

x
x

x
= . ɿʥʘʯʠʪ, ʵʪʠ ʬʫʥʢʮʠʠ ʥʝʧʨʝʨʳʚ-

ʥʳ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ʩʚʦʝʡ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ (tgx  ʧʨʠ ʚʩʝʭ 
2

x n
p
p¸ + , 

ctgx ʧʨʠ ʚʩʝʭ x np̧ ) ʢʘʢ ʯʘʩʪʥʦʝ ʜʚʫʭ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ.  

9) ʆʙʨʘʪʥʳʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ arcsinx , arccosx , arctgx, 

arcctgx ʥʝʧʨʝʨʳʚʥʳ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ʩʚʦʝʡ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʧʦ ʩʚʦʡʩʪ-

ʚʫ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʦʙʨʘʪʥʦʡ ʬʫʥʢʮʠʠ.  

ʄʳ ʜʦʢʘʟʘʣʠ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʦʩʥʦʚʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ ʚ ʣʶʙʦʡ 

ʪʦʯʢʝ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ. ʉʦʛʣʘʩʥʦ ʩʚʦʡʩʪʚʘʤ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ, 




